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Abstract: In this paper, we develop 2-diniensional algebraic theory 
which closely follows the classical theory of modules. The main results 

^_) ! are giving definitions of 2-modules and the representations of 2-rings. 

^ . Moreover, for a 2-ring TZ, we prove that its modules form a 2-abelian 

c^ ■ category. 
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00 1 Introduction 

in 

Q ' Ordinary algebra (which we call it 1-dimensional algebra) is the study of al- 

gebraic structures on sets, i.e. of sets equipped with certain operations satisfying 
certain equations. The work on 2-dimensional algebra is to study the algebraic 

rN I structures on groupoidsfTO]. 

^. 

One of the goals of higher-dimensional algebra is to categorify mathematical 

concepts, a very example is (symmetric) 2-groups |2l [3l |5l |6l [TOl IHl |12l [T71 [191 HI] , 

which play the role similar as (abelian) groups in 1-dimensional algebra. The 

higher-dimensional algebra was studied and used in many fields of mathematics 

such as algebraic geometry [21 [3], topological field theory [121 E], etc. 

In [^, M.Jibladze and T.Pirashvili introduced categorical rings(We call them 
2-rings). As 1-dimensioal algebra, it's natural to define 2-modules and the repre- 



*Supported in part by NSFC with grant Number 10971071 and Provincial Foundation of 
Innovative Scholars of Henan. 



sentations of 2-rings. M. Dupont in his PhD. thesis [19], mentioned the 2-niodules, 
as the additive Gpd-functors, also proved that the 2-category formed by these 2- 
modules is a 2-abehan Gpd-caiegoTj. 

In this paper, we give a definition of the 2-module following the 1-dimensional 
case. When we finish this paper, we find that V.Schmitt gave another definition 
similar as 2-module(|20]). But our definition is much closer to the classical case. 
The equivalence between our definition and M.Dupont's definition will be given 
in our coming paper. 

Abeian category plays an important role in homology theory, localization the- 
ory, representation theory, etc[Tl HJ [TH]. So 2-abelian category should be an im- 
portant tool in studying higher dimensional algebraic theory. 

In our coming papers, we will prove that for any a 2-abelian category A, there 
exists a 2-ring TZ, and the embedding of A into the Gpd-category (7^-2-Mod), ex- 
tending from Freyd- Mitchell Embedding Theorem[l], and study the (co)homology 
theory in 2-abelian category similar as in 1-dimensional case. 

This paper is organized as follows: 

After recalling basic facts on (symmetric) 2-groups, 2-rings, we give the defi- 
nitions of 7^-2-modules, 7^-homomorphism between them, and morphism between 
7^-homomorphisms, where 7^ is a 2-ring. As an application of 7^-2-modules, we 
also give the definition of representation of 2-rings. For our next work, we con- 
cretely construct the 2-category structure of all 7^-2-modules. In section 3, we 
prove (7^-2-Mod) is an additive, and also a 2-abelian Gprf-category by using the 
similar methods as M. Dupont discussing the symmetric 2-groups(jl9j). This sec- 
tion is the main part of this paper. 



2 Basic Results on 2-Modules 

Our goal in this section is to give the definition of 7^-2-modules, and the 
representations of 2-rings. We will begin by reviewing some definitions about 
(symmetric) 2-groups and 2-rings, also called categorical groups and categorical 
rings in [3 El El [IB [IH . 

Definition 1. ^ A 2-group .4 is a groupoid equipped with a monoidal structure. 



i.e. a bifunctor + : ^ x ^ — ^ ^, an unit object E A, and natural isomorphisms: 

< a,b,c>: (a + &) + c — )■ a + (fe + c), 
/q : + a — )■ a, 
r^ : a + — )■ a 

satisfying the Mac Lane coherence conditions, i.e. the following diagrams com- 
mute: 



{(a + b) + c) + d % {a + b) + (c + d) 



< a.b.c > +d < a,b.c + d > 

{a + {b + c)) + d a + {b + {c + d)) 



< a,h + c,d >\ / , , 



Fig.l. 



a + {{b + c) + d) 



ia + 0) + b ^"^-^^a + iO + b) 



a + b Pig 2. 



Moreover, for each object a G .4., there exists an object a* G A, and an 
isomorphism 77^ : a* + a — ;■ 0. 

Definition 2. [19j Symmetric 2-group is a 2-group A, together with the natural 
isomorphism Ca^b : a + h ^ h + a satisfies Ca^b o c^^a = id. Also, Ca^ is compatible 
with < — , — , — > of the monoidal structure + . 

Remark 1. In our paper, when we say .4 is a symmetric 2-group, it means {A, 0, +, < 
-,-,- >,^-,^-,'7-,c__). 

For any a, b,c,dE obj{A){^), 

ic d) ■■ (a + b) + ic + d) -^ ia + c) + ib + d) 

will be denoted the composite canonical isomorphism in the following commutative 
diagram: 



{a + b) + (c + d) 



< a + b,c, d >/ 



,< a,h,c + d > 



{{a + b) + c) + d 



a + {b + {c + d)) 



< a^b^c > +d ^ 



a+ < b, c,d > 



(a + (b + c)) + d ''-^-H^a + ({b + c) + d) 



(1 +c^) + d 



a + (c + d) 



{a + {c + b)) + d — --> a + {{c + b) + d) 

^ ■ ^ ^ < a,c + b,d > 



< a, c.b > +d / 



\t/+ < f, 6, d > 



{{a + c) + b) + d 



a + {c + {b + d)) 



< a + c^b.d >\ 



< a^c^b + d > 



{a + c) + {b + d) 



Fig.3. 



Definition 3. [TU] Let A,B be 2-groups. A homomorphism F = {F, F^, Fq) 
A ^^ B consists of a functor F : A ^^ B and two natural morphisms: 

F+(a, h) ■ F{a + b) ^ F{a) + F{b), 
Fo : F(0) -^ 

such that the following diagrams commute: 



Fi(a + b) + c) ^"°- *•""'> F{a + {b + c)) 



F^(a +b,c) 

F(a + b) + F(c) 

F (a, b) + Fc 



F (a. b + c) 



F(a) + F(b + c) 



Fa + F (b, c) 



{F{a) + F{b)) + F{c) > F{a) + (F(b) + F{c)) 

< Fa, Fb, Fc > 



Fig.4. 



-F (n.O) 

V 

Fa + FO 



^Fa 

A 



^Fa + Q 



Fig.5. 



F(0 + a) 



F.(0,a) 



FO + Fa 



^Fa 



^0 + Fa 



Fig.6. 



Remark 2. (i)pS] The homomorphisin F = {F,F^,Fo) is called strict when iso- 
morphisms -F+,Fo are identities. 

(ii) If A, B are two symmetric 2-groups, the homomorphism of symmetric 2- 
groups is the homomorphism F = (F, F+, Fq) : ^ — ?■ i3, together with the following 
commutative diagram: 



F{a + b) '''"'•'" > Fa + Fb 



F{b + a) 



P^l,b,a) 



^Fb + Fa 



Fig.7. 



(iii) Given homomorphisms A '■ — '■ — > B '■ — '■ — > C of 2-groups, their 

composition is H = {H,H^, Hq) : A ^>- C, where i^ = GoF:^— T-Cisa 
composition of functors, and H+, Hq are the following compositions: 

H+{a, c) : H{a + c) = {GF){a + c) = G{F{a + c)) 

^^^^ G{Fa + Fc) ^±1^^ G{Fa) + G{Fc) = Ha + He, 
Ho : {GF){0) = G(F(0)) ^^ G{0) ^ 0. 

It is easy to check H = {H, H^, Hq) is a homomorphism from A to C. 

Notation. The homomorphism F = (F, F+,Fo) of 2-groups is in fact a func- 
tor satisfies some compatible conditions(Fig.4.-6.). So we will only write F for 
abbreviation. 



Definition 4. [19] Given homomorphisms F, G : A ^ B oi 2-groups, a morphism 
from F to G is a natural transformation e : F ^ G such that, for any objects 
a, b E A, the following diagrams commute: 



F{a + b) 



^F{a) + F{b) 






^(0) 



^G(O) 



G{a + b) > G{a) + G(Z>) 



Remark 3. The niorphisin between two homomorphisms F, G of 2-groups A^B 
is a natural isomorphism. In fact, for any object a G .4, £a : -^(fl) ~^ G(a) is a 
morphism in groupoid B^ so Eq is invertible. 

Proposition 1. [3] There is a 2-category (2-Gp) with 2-groups as objects, ho- 
momorphisms of 2-groups as 1-morphisms, and morphisms of homomorphisms as 
2-morphisms. If the 2-groups are symmetric 2-groups, we denote this 2-category 
by (2-SGp). 

Definition 5. [8] A 2-ring is a symmetric 2-group 7^, together with a bifunctor 
■ : IZ X IZ ^ IZ (denoted by multiphcation) , an object 1 G 7^, and natural 
isomorphisms: 

[r, s, t] : (r ■ s) ■ t — )■ r ■ (s ■ t) (associativity), 

Aj. : 1 ■ r — )■ r (left unitality), 

Pr : r ■ 1 ^ r (right unitality), 

[r^Q >: r ■ {sq + Si) ^ r ■ sq + r ■ si (left distributivity), 

<r? s] : (ro + ri) ■ s — !■ To • s + ri • s (right distributivity). 

It is required that the [—,—,—], together with A_ and p_ constitute a monoidal 
structure (Fig. 1.-2. commute). Moreover, the following diagrams commute for all 
possible objects of IZ: 



,•[., 



r{s{t^+tj) '^^rist^+st,) 



{r. .5, t+tA 



K. > 



(rs)it,+t^) r(st,) + r(st,) 



[r, s, („ ] + [r, s. (, ] 



(rs)ta + (rsX 



Fig.8. 



r ■ < t^ 



['% .'„ + s, . '] 



[r, .!„ , (] + [c, .s, , /] 






Fig.9. 



(i'qS + r,5)? — - — > {rgS)t + (r^sy 



{(ro+n)s)t 

[i„ + i; , s, t] 



(ro+r,)(50 



Fig.lO. 



[1 



l(''o + 1) > I'o + ll 



(''0+1)1 



<: 1] 



-> ''ol + 'll 



FiK.ll. 



'-((■^oo + ■^ 01 ) + (■^10 +■^11)) "° "' ^ ''(■^00 + ■^01 ) + ''(^10 + ■^i 1 )'-^!^J-— !^ (rs„„ +rSo,) + (rs,„ + r^, , ) 



'■-^00 ''■^01 



KC-Soo +-Sio) + (% +■^11)) .,„„,,,,„ > ('''yoo+''-^io) + ('''yoi+'''yii)- ^''(-^oo +-yio) + ''Ki +■^11) 

[/■ > r. . .r.. 

.(01 +-51 1 



[/■, > +[/\ > 



Fig.l2. 



(''o+lX-^o+'^i) 

< ,/o + -'i]/ \['„ + 'J,, > 

'"o (■^o + ■^l ) + ''1 (^0 + ^1 ) (''0 + '1 K + (''0 + 1 )-^i 



(r(,5o + ro5,) + (rj^o + ''■■^i) ,,., ,. ,> (''o.yo + l-^o) + (Vi + l-^i) 



Fig.13. 



'DO , '10 , 

< .sl+ < s\ 
'Dl '11 



((''oo + ''oi ) + (lo + 'li ))s — '^^^^^^-^ ('oo +roi)s + (rio + r„ )* > (r^^^ + ig^s) + (r^,s + r, ,5) 



'00' (•„,.! 



(('■oo+1o) + (''oi+'li)>- 



'00 ' '10/ ' Vol ' 'll'y TO„|„ 

< ^] 

'01+11 



> ('m+'1o> + ('^i+^ii> 



< S\+ < s] 

'10 'P 



>(''00'^ + l0'^) + (''01'^ + ''ll-5) 



Fig.l4. 

Remark 4. 1. N.T.Quang in [H] discussed the relations between these 2-rings and 
Ann-categories. 

2. If the above natural isomorphisms are identities, TZ is called a strict 2-ring. 

Definition 6. [8] A homomorphism of 2-rings is a quadruple F = (F, F+, F., Fi), 
where F is a functor from 7?.i to 7?.2, F+, F. are natural morphisms of the forms 

F+(ro, ri) : F(ro + n) ^ F(ro) + F(ri) 

F.(ro,ri) : F(ro ■ n) ^ F(ro) ■ F(ri) 

and Fi : F(l) -> 1, Fq : F(0) ^ are morphisms, such that (F, F+, Fq), (F, F, Fi) 
are monoidal functors with respect to the monoidal structures corresponding to 
the -|- and ■, respectively. Moreover the diagrams commute: 



F{r-is,+sJ) ^"'" '> F(r-s,+r-sy^^^^^'Fir-s,}^F(r-s,) 



F.(.r.s+.) 



F.(r. s^ )+F.{r. s, ) 



F(r)-F(s„+s,) >Fir)-iFis„)+F(s,)) j^F(r) ■Fis,)+F(r)-Fis^) 

F{ir^+r,)-s) '-^Fir„ -s+r.-s) >F(r^ ■s)+F(r^ -s) 



Fig.15. 



F-(r + r s) 



"/ V 1 

F.(r-,s)+F.O-s) 



F(r, +r, ) ■ F(s)^-^^(f^{r, YF{rJ) ■ F{s)^^F(r, ) ■ F{s)+F(r, ) ■ F{s) 



Fig.16. 



Notation. The homomorphism F = (F, Fj^,F., Fq) of 2-rings is in fact a functor 
F satisfies some compatible conditions(Fig.4.,5.,15.,16.). So, we will only write F 
for abbreviation. 

Definition 7. The morphism of homomorphisms F, G : TZi — t- 7^2 of 2-rings is 
a natural transformation e : F ^ G, such that, for any objects r, s & TZi, the 
following diagrams commute: 
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F{a + b) 



G{a + b)- 



-> F(a) + Fib) 



^G{a) + G{b) 



F{Q) 



^G(O) 




F{a-b)- 



G(a-b) 



^F(a)-F(b) 



^G{a) ■ Gib) 



F(l) 



^G(l) 




Fig.l7. 



Proposition 2. IT^ There is a 2-category with 2-rings as objects, homomorphisms 
of 2-rings as 1-morphisms, and morphisms of homomorphisms as 2-morphisms. 

Definition 8. Let 7^ be a 2-ring. An 7^-2-module is a symmetric 2-group Ai 
equipped with a bifunctor ■ : TZ x Jli ^i- A4 (called operation of 7?. on A^) denoted 
by {r,m) h^ r ■ m and natural isomorphisms: 

al^ ^ : r ■ {m + n) ^ r ■ m + r ■ n, 
Kn '■ {r + s) ■ m ^ r ■ m + r ■ n, 
br,s,m ■ (rs) -m^ r ■ (s-m), 
im '■ I ■ rn ^ m, 
Zr : r ■ ^ 

such that the following diagrams commute: 



r-{{m^ +m2) + m,) 



r-{m^ +m^) + r-mj 



a + r ■ m. 



(r-m. + r ■ m,) + r ■ m. 



m m m > 



< r ■ m, , r ■ m. 



-> r • (ffjj + (wj, + m^ )) 



r■m^ + r■ (m^ +m^) 



r-m + a 



->r-n\+{r-m2+r-m^) 



Fig.18. 






{r^+r^ym + r^-m r^-m + {r^+r^)-m 



{r. ■m + n-m) + K-m > r^-m + {r^-m + r^-m) 



[r ■m,r ■ m,r ■ m] 



Fig.19. 



r-(m, +^2) >r-m, + r-m^ (;. + ^^).^ 



^ K-m + r^-m 



r-{m^ +m^)- 



(K+r.)-m 



-> '2 



Fig.20. 



Fig.21. 



(1 + 'i)' ("^1 +''^2) ^^^^^^^^ ^'1 '('^1 +'W2) + 7', -(wjj +m,) 



'1 '2 

O + (7 



(ri + r^)-^, +(ri+r2)-»2, (^i ■ 777, + Tj ■ m, ) + (r, -m^+r^-m^) 

/h\'"\ 'i"'2 \ 
\ /■2'"l'7"'"2 / 

(Tj ■ OT| + r, • w2| ) + (rj ■ m^ + r^ ■ m^) 

h 



Fig.22. 



{r^r^)-m^ +(r,rj-m^ 



r^-ir^-m +r^-m^) 



n-{r^-m,) + r^ ■(n-m^) 



Fig.23. 
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((r, + K,)r) ■ m ^ >{r^r + r^r)-m 



{r^ + r^)(r-m) {i\r)-m + (r^ r) ■ m 



i\ ■ {rm) + r^{r ■ ni) 



Fig.24. 



['■ , > 



{r{r+r))-m — ^ {rr^ + rr^) ■ m 



b +b 



r{r^ -m + r^ -m) >r-(r| ■m) + r-{r^ -m) 

Fig.25. 

ii 

-> {r^ + rj-m+{r..+r..)-m 



'OO'^'Ol'MO"^ 



((''oo + ''oi)t(''io+'"ii))-'« 

\ no n 1 / 

(('oo + 'io) + (''oi +''ii))-'« (''oo ■w + r„i-w) + (?^o-w + r,i-OT) 



'bo-""'oi-'" 
no-mnr"' 






"m ' "m 



Fig.26. 



r-((m„„+mo,) + (7M,„+m|,)) 

/'noomoi \ 
X'niomil / 

V 

r-((mo„+m,o) + (/«„,+ will)) 



"'O0+'"0i-"ao+'"i 1 



njoo+'"10.'"01+"'ll 



> ''■(»«oo+"^oi) + ''-Ko+'"ii) 



(7- wio„ + r ■ /w„j) + (r ■ Wi„ + r ■ m,i ) 

\''-"'lO''"'ll / 



(r ■/«„„+ r • ni. J + (r •/«„. + r • m..) >(r ■ m^^ +r-m^J + ir-m^^ + r-m^J 



'01 11/,. ,. "^ 00 10> 

raUU.'"|0 "'01 -"11 



Fig.27. 



l-(m. +m )- 



-> l-m^+l-m^ 



(rl) -OT ^ > r -(l-ffj) 



Fig.28. 



Fig.29. 
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r-(m + 0) 



r -m <- 



->r -m + r-O 



r-{0+m)- 



->r-0 + r-m 



V 

r-m + 



V 

r-m <- 



z +r -m 



V 

+ rm 



Fig.30. 



Fig.31. 



Definition 9. For two 7?.-2-inodules Ai, M , the T^-homomorphisin between them 
is a quadruple F = (F, F+, Fq, F2), where {F,F^,Fq) : A^ — > A/" is a homomor- 
phism of symmetric 2-groups Ai, A/", F2 is a natural isomorphism of the form 

F2{r, m) : F{r ■ m) ^ r ■ F{m), 

for r G 7^, 771 G A^, such that the following diagrams commute for all possible 
objects of TZ and Al, respectively. 



F{r-{m.+mJ) ^ r-F(m^ + m^] 



''('„, „„ ) 



F{r -m. +r-m^) 



F {r ■ ill . r ■ m^ ) 



r ■ F {m , m^ ) 



r • (i^(»3i ) + F{m^ )) 



F{r-mj) + F{r-m-,) >r-F{n\) + r-F{m^) 

F^ (r, m )+F^ (r, m ) 



Fig.32. 



/''((r, + r^) • m)—" = — > (r, + r^) ■ 7^(m) 



f(6 



F(rj -m + r^-m) 



Tj • 7^(/«) + r^ ■ F(ot) 



Fj (1, m) 

F{\ ■ m) > 1 ■ F{m) 



F (/■ ■ m, /■ - m) 



F {r my-F (r, ,m) 



''(''„) 



i<'(?^ ■ m) + F(r^ ■ m) 



Fig.33. 



F(m) 



Fig.34. 
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F{{r^r^)-m)- 



Kirr.w) 



F{r-0) — ^^"■°' > rFiO) 



F{: ) 



'=■(*„„„.) 



V 

', -('2 



F{r,-(r^-my) 



irK)-F{m) 



i\-{r^-F{m)) 



F{0) 



rO 



^(1,^ m) 



Fig.35. 



r. ■ F(k ■ m) 



Fig.36. 



Definition 10. The morphism of two 7?.-homoniorphisms F = {F, F+, Fq, F2), G = 
{G, G^, Go, G2) : A^ — 7- A/" of 7?.- 2- modules is a natural transformation r : F ^ G 
such that T is the morphism from (F, F+, Fq) to (G, G^, Gq) as homomorphisms of 
symmetric 2-groups, moreover, the following diagram commutes, for r G 7^, m G 
M: 



F(r-m) -^ > r-F(m) 



G(r-m) > r-G(jn) 

G, ('■ ■ "') 



Fig.37. 



Notation. A homomorphism F = (F, F+,Fo,F2) of 7?.-2-modules is in fact a 
functor F satisfying some compatible conditions(Fig.32.-36.). So, we always write 
F for abbreviation. 

Theorem 1. Let TZhe a 2-ring. The TZ-2-modules is a 2-category with objects TZ-2- 
modules, denoted by (TZ-2-Mod). Its l-morphisms are TZ-homomorphisms between 
TZ-2-modules, 2-morphisms are morphisms of TZ-homomorphisms. 

Proof. To prove this theorem we need to check the homomorphisms satisfy the 
definition of a 2-category [2] . 

1) l-morphisms can be composed as a category. 

Let F:Ali— )-Al2;G':Al2— ^Alsbe 7^-homomorphisms. The composition 
of them is a composition functor H = G o F : Aii — t-AIs, together with natural 
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isomorphisms: 

H+{mi,m2) : H{mi + 7722) = G{F{mi + 777.2)) 



G{F+) 



> G{F{mi) + F{m2)) 



-^ G{F{mi)) + G{F{m2)) = H{m{) + //(ms). 
i^o : ^(0) = ^(^(0)) ^^ G'(O) % 0. 
i72('") "^) • H{r ■ m) = G{F{r ■ m)) > G{r ■ F{m)) —4 r ■ G{F{m)) = r ■ H{m). 

2) 2-morphisms can be composed in two distinct ways. 



Vertical composition of 2-morphisms. 

Let F, F , F : A^i — )■ A^2 be 7^-homomorphisms of 7?.-2-modules. r : 
F ^ F , a : F =^ F are morphisms between them, the composition 
of r and a is e = a o t : F =^ F given by the family of morphisms 
{Sm = Om o Tra '■ F{m) — )• F (m) V?77 G A^i} and such that the following 
diagram commutes: 



(a =T)_ 



F(r ■ m) 



> F (r-m) 



F-, (r, m) 




F , (r, m) 



r-F{m) 



^ r-F (m) 



',. ■(" °^).. 



Horizontal composition of 2-morphisms. 

Let a : F ^ F' : Mi -^ M2, 15 : G ^ G' : M2 -^ M3 be morphisms 
of 7?.-homomorphisms. The composition of a and [3 is t = [3 * a : {G o 
F) ^ {G o F ) given by the family of morphisms {rm = Pp'im) ° G{am) '■ 
{G o F){m) — 7- (G o F )(m), Vm G A^i}, such that the following diagrams 
commute: 
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(P -a), 



(G o 7^)(r • ni) >G{r-F{m)) — = >r ■ G{F{m)) 



1 -Gfa ) 




>rG(F(m)) 



1. P. 



(G oF)(r-m) ^ > G (r ■ F' (m)) > rG(F (m)) 



1 (P .a) 



The above 1)., 2). satisfy 

(i) Composition of l-morphisms is associative, i.e. for T^-homomorphisnis M.i — > 

M2 — > Ms — > M4, we have 

{HoG)oF = Ho{GoF). 

In fact, there is a identity morphisni (f : {H o G) o F ^ H o [G o F), defined by, 
^m = lm: {{HoG)oF){m) = {HoG){F{m)) = H{G{F{m))) = H{{GoF){m)) = 
{H o [G o F)){m), for any m G A^i, also (/? such that the Fig.4-6. and Fig.37. 
commute. 

Moreover, for any 7^-2-moduleA^, there is a 7^-homomorphism 1m = {^M^'i'd, id) 
A^ — 7- A^ given by l_A4(r7i) = m, lx(/) = /, for any object m and morphism / in 
Ai, such that, for any F : A^ — ?■ A/", and G : /C — t- Al, we have F o 1_^ = F and 
Im o G = G. 
(ii) Vertical composition is associative, i.e. for any 2-morphisms as in the diagram 




From the composition of morphisms in AI25 we have 

((e O r) O a)m = {£m ° Tm) O Tm = £m ° {r^ O (Tm) = Em O (t O a)^. 

Moreover, for any F : Ali — t- AI2, there exists Ip : F ^ F given by 1^ = Ip, 
where (lF)m = ^Fm, such that, for any cr : F ^ G, we have a o Ip = a, since 
(a o Ip)^ = (JmO {lp)m = CTm ° '^Fm = (^m, for any object m e Mi. 
(iii) Horizontal composition is associative, i.e. for any 2-morphisms as in the 
following diagram: 



15 




M i M, i 



We need to check 



(7 * /?) * a = 7 * (/3 * a) . 



In fact, for any object m G A^i, from the definition of the horizontal composition 
and natural transformation, the following commutative ensures the associativity. 



H(G(a )) , H(R , ) , , 

H(G(F(m))) -^:^ — > H(G(F(m))) ^^^^ H(G (F (m))) 




H'(G(F(m))) , ^ > H'(G(F'(m))) , . ,^ , > H (G (F (/^))) 



H (G(a_^ )) 



" (Pp.,) 




H (G (F(m))) 

(iv) Vertical composition and horizontal composition of 2-morphisms satisfy the 

exchange law. 

For any 1-morphisms and 2-morphisms as in the following diagram 




^M, 



We need to check 



f t , 



(/? o /3) * (a o a) = (/? * a) o (/? * a ). 
In fact, for any m G A^i, we have the following commutative diagram 
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G(F(7«)) — °'°"'' > G(F'(m)) 



G (Fim))- 



° <<=',„ ' 



>Gi¥{m)y 



G (a ) 



>G (F (m)) 



II 



G (F(7w)) — — >G'(F"(»3)) 



Note that, the above diagram commutes, since the small diagrams I and II com- 
mute from the properties of natural transformations /?, /3 • 

The above ingredients satisfy the definition of 2-category, so all 7^-2-modules form 
a 2-category. D 

Proposition 3. Let A be a symmetric 2-group, SndA = {F : A ^ A is an 
endomorphism of A}. Then SndA is a 2-ring. 



Proof. Step 1. SndA is a category consists of the following data: 

■ Object is an endomorphism F : A ^ A. 

■ Morphism is a morphism between two 7?.-endomorphisms. Composition of 
morphisms: 

Hom{F, G) X Hom{G, H) — > Hom{F, H) 

{T,a) I— i- o" o r 

is defined by, {a o t)^ = cr^i o r^i as a composition of morphisms in A, for any 
A & A, which is a morphism from F to H, for r, a such that Fig. 7. commutes. 

The above ingredients are subject to the following axioms: 

(1) For F G obj{SndA), there is an identity Ip G Hom{F,F), defined by 
(If) A = iF(yi), for any A E A, such that for any r : F =^ G, t o Ip = r, since 
(r o 1^)^ = tao Ifa = ta- 

(2) Given morphisms t : F ^ G, a : G ^ H, and e : H ^ J, from the 
associativity of composition of morphisms in A, we have 

(e o a) o r = e o (a o r). 
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Step 2. SndA is a groupoid, i.e. for any morphism t : F ^ G : A ^ A has an 
inverse. For any object a E A, Ta : F{a) ^ G{a) ia a morphism in A, and ^ is a 
groupoid, Ta has an inverse (Tq)*, so the inverse of r is defined by (r*)^ = (tq)*. 

Step 3. £^nd^ is a monoidal category. 

• There is a monmoidal structure on £^nd^, i.e. there is a bifunctor 

+ : ^x ^ — > A 

(F, G)^F + G, 
{t:F^G, r' : F' ^ G') ^ t + r' : F + F' ^ G + G' 

where F + G and r + t are given as follows: 

(F + G){a) = F{a) + G{a), {t + t )a = Ta + r^ under the monoidal structure 

of A 

(F + G)+ : (F + G)(a + 6) ^ (F + G){a) + (F + G){b) is the composition 

(F + G){a + b) = F{a + b) + G{a + b) ^+("'^)+^+("'^)^ (^^ + F6) + {Ga + G6) 

/Fa Fb\ 

2£±^ [Fa + Ga) + [Fb + G6) = (F + G){a) + (F + G)(6). 

(F + G)o : (F + G)(0) ^ is the composition 

(F + G)(0) = FO + GO ^^^^±^ + 0-^0. 

Since F and G are endomorphisms of symmetric 2-group A^ and r, r are 
morphisms of homomorphisms, so F + G G EndA., and r + r is morphism 
of homomorphism. 

• There is a unit object = (0, Iq, 1q) : A ^ A, given by 0(a) = 0, Va G A, 
where is the unit object of A. 

• There are natural isomorphisms: 

< F,G,H >: {F + G) + H ^ F + {G + H), 
If : + F -^ F, 
rp: F + 0^ F 
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given by: 

<F,G,H >a=< Fa, Ga, Ha >: {{F + G) + H){a) = {Fa + Ga) + Ha 

^Fa+ {Ga + Ha) = {F + {G + H)){a), 

{lF)a ■■ (0 + F){a) = 0(a) + Fa = + Fa ^ Fa, 
{rp)a : {F + 0)(a) = Fa + 0(a) = Fa + ^ Fa, 

such that Fig. 1.-2. commute. 

Step 3. SndA is a symmetric 2-group. 

(i) Every object of SndA is invertible, i.e. ^ F & SndA, 3F* G SndA, and 
natural isomorphism ijf '■ F* + F ^ 0. In fact, let F*{a) = {F{a))*, {r)F)a = VFa, 
where {F{a))* is the inverse of F{a), and ijpa : {F{a))* + F{a) — )■ is a natural 
isomorphism in A. 

(ii) For any F, G E SndA, there is a natural isomorphism cp^c '■ F+G — )■ G+F, 
given by {cp^G)a = Cpa.Ga '■ Fa + Ga — )■ Ga + Fa, and since ^ is symmetric, so 
CFa,Ga IS an isomorphism, such that CFa,Ga o CGa,Fa = id, then cf,g ° cg,f = ^t?- 

Step 4. £^n(i^ is a 2-ring. 

We need to give another monoidal structure on SndA, satisfy some compati- 
bilities. 

(i) There are a bifunctor -i^x^— )>^, byF-G = FoG', r ■ r = r *r, 
F o G is the composition of homomorphisms, see Remark 2.(ii), and r * r is the 
horizontal composition of 2-morphisms in the 2-category (2-SGp). 

Using the same method in proof of Theorem 1, we know that F ■ G E SndA, 
r ■ r is the morphism in SndA. 

(ii) The unit object of SndA under the monoidal structure ■ is (/, id, id), which 
is for any object a and morphism f in A, I{a) = a, I{f) = f. 
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(iii) There are natural isomorphisms: 



F, G, H 


{F-G)-H^ F-{G-H), 


\f 


I-F^F, 


PF ■■ 


F-I^F, 


n > 


F-{G + G')^F-G + F-G', 


<F'G] 


■.{f + f')-g^f-g + f'-g 



given by: 

[F, G, HI = id : ((F ■ G) ■ H){a) = (F ■ (G ■ H))ia), 

{XF)a = id:{I- F){a) = (/ o F){a) = I (Fa) = Fa, 

{pF)a = id:{F- I){a) = (F o I)a = F{I{a)) = Fa, 
{[F^, >)^ = id : F ■ {G + G'){a) = F{{G + G')(a)) = F{Ga + G' a) % {F ■ G + F ■ G'){a), 
(<J, G])a = id : ((F + F') ■ G)ia) = (F + F')Gia) = F{Ga) + F' (Ga) = (F ■ G){a) + (F' ■ G){a) 



The above ingredients satisfy the following conditions: 

1) (/, [—,—,—], A_, p-_) constitute a monoidal structure (obviously, since all 
of them are identities.) 

2) Fig.8-14. commute for all possible objects of SndA, from the definition of 
homomorphisms. D 

Remark 5. For an Ann-category A, the category End{A) is also an Ann-category ( [15] ] 
then is a 2- ring ('[Til'). 



Similarly, as the 1-dimensional representation of ringspiij, we give 

Definition 11. A representation of a 2-ring 7^ is a 2-ring homomorphism F : 
TZ —7- SndA of 2-rings, where ^ is a symmetric 2-group. 

Proposition 4. Let Ai he a symmetric 2-group. Every representation F : 7?. — t- 
SndM. equips M. with the structure of a lZ-2-module. Conversely, every 71-2- 
module A^ determines a representation F : 7^ — )■ SndAi . 

Proof. For a representation F : 7^ — ;■ SndAi, we will prove A^ is a 7?.-2-module. 
There are a bifunctor ■ : TZ x J\A ^ A4, defined by r • m = F{r){m). and natural 
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isomorphisms: 

'^mn '■ ''^ ' ("^ + n) = F{r) [ra + n) )■ F{r) {m) + F{r) (n) = r ■ ttt, + r ■ n, 

^nf : (^ + s) ■ m = F{r + s)(m) — )■ (F(r) + F(s))(m) = F{r)ra + F{s)m = r ■ m + s ■ m, 
br,s,m '■ (^s) ■ "^ = F{rs){m) — > {F{r)F{s)){m) = F{r){F{s){m)) = r ■ {s ■ m), 
im '■ I ■ TTi. = F{I){m) — ^ I{m) = m, 
Zr:r-(} = F{r){0) ^^ 0. 

It is easy to check Fig. 18-31. commute, since F is homomorphism of 2-rings. 

Conversely, if A^ is a 7^-2-module, by Proposition 1, we know that EndAi is 
a 2-ring. Now we give a homomorphism 

F : 7^ — > SndM 

r I— 7> F{r){m) = r ■ m, 



where r ■ m is the operation of 7^ on A^. 

Next we will prove F is a homomorphism of 2-rings. 

• F : 7^ — )■ SndM. is a functor. 

(i) F{r) G SndAi, i.e. F(r) is an endomorphism of symmetric 2-group Ai. 
In fact, F{r) = r- is a functor, for fixed r & TZ from ■ being a bifunctor. 
Moreover, there are natural isomorphisms: 

F(r)+(mi, 1712) = a^^ „^2 • F{r){mi + 1112) = r ■ (mi + 1112) -^ r ■ mi + r ■ 1712 

= F(r)(mi) + F(r)(m2), 
F{r)o = Zr : F(r)(0) = r ■ ^ 0. 

such that the following diagrams commute. 
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F{r){{m^+m^) + m^) '-^ F{r){{m.+{m,+mJ) 



Fy-)^t,n\,m^ + m^) 



F{r){m. +mS) + F{r)(m, ) 



F(r)^i,m^,m^) + F{r)in,^) 



Fir)^im^ + m^ , m^ ) 



F{r){m.) + F{r)(m, +m,) 



F(r)(m^)+F(r)^(m^,m^) 



Fig. 18. 



(F(r)(m,) + 7^(r)(m,)) + F{r){m^ ) >F(r)(w,) + {F{r){m,) + F{r){m,)) 



-3/ ' -^ v )y^\> 

<F{rf<,\F(r-imA.F(rtm^> 



F{r){m + 0) >F{r){m) + F(r)(0) 



Fig.30. 



F{r){m) < F{r){m) + 

7^(r)(0 + m) >F(r){0) + F{r){m) 



F(r)(m) <- 



Fig.31. 



+ 7^(r)(ff3) 



(ii) For any morphism / : ri — )■ r2 in 7^, F(/) : F(ri) — )■ F{r2) is a morphism 
in EndAi. 

f f 

(iii) For any morphisms ri — )■ r2 — >■ ra, we have F(/2 o /i) = F{f2) o -^(/i), 
and also for any object r G TZ, F{lr) = Ipir)- 

In fact, by the properties of bifunctor ■ : 7^ x A^ — )■ A^, it is easy to prove 
(ii), (iii). 

There are natural isomorphisms: 

F+(ro, ri) : F(ro + n) ^ F(ro) + F(ri), 
F(ro,ri) : F(rori) ^ F(ro)F(ri), 
Fi : F(l) ^ 1 

given by the following ways: for any object m ^ Ai, 

F+iro, ri)m = 6™,^^ : F(ro + ri)(m) = (tq + n) ■ m ^ Tq ■ m + ri ■ m 

= (F(ro) + F(ri))(m), 
^.('"o,'"i)m = bro,ri,m ■ F(rori)(m) = (rori) ■ m -> Tq ■ (ri ■ m) = F(ro)F(ri), 
(Fi)m = im : F(l)(m) = 1 • m -^ m = l(m). 
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The above ingredients satisfy the following conditions: 

(i) (F, F+, Fq), (F, F., Fi) are monoidal functors with respect to the monoidal 
structures on 2- rings TZ and £ndj^. 

(ii) The following diagrams commute: 



F{{r,+r,)r){m) 



{{Fr,+Fr-,)Fr)(m) 



-> F{r^r + r^rXm) 



{F(r^ + r, )Fr){m) (Fir.r) + F(Kr))im) 



-> {Fr^Fr + Fr^Fr){m) 



Fig.24. 



F{r{r,+r^))(jn) 



{F{r)F{r,+r,)){m) 



{F{r){Fr,+Fr,)){m) 



~> F{rr^ + r}\ ){m) 



F(rr^ +rr^){m) ^=^ Fig. 25. 



->(7^(r7i) + F(rr,))(m) 



D 



3 (7^-2-Mod) is a 2-Abelian G^rf- category 

In this section, we will show that (7?.-2-Mod) is a 2-abelian Gpd-category under 
the the definition of 2-abelian Gpd-category given in [19]. First we will give several 
definitions similar as O [6l O [TTl [19] . 

Definition 12. [17J Let Ai, JV he two 7^-2-modules, where 7^ is an 2-ring. The 
functor : A^ — 7- A/" which sends each morphism to the identity of the unit object 
of A/", is a 7?.-homomorphism, called the zero-morphism. 

Definition 13. Let F : A ^ B he a. 1-morphism in( 7^-2-Mod). The kernel of F 
is a triple {KerF,eF,£F), where KerF is an 7^-2-module, ep '■ KerF ^ ^ is a 
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l-morphism, and Sp : F oep ^ is a. 2-morphisin, satisfies the universal property 
in the following sense: 

For given /C G obj [TZ-2-Mod) , a l-morphism G : K, ^ A, and a 2-morphism 
ip : F o G ^ 0, there exist a l-morphism G : /C — )■ KerF and a 2-morphism 
V? : ep o G =^ G, such that (/? is compatible with Lp and £ir, i.e. the following 
diagram commutes: 



s ,-.G I 



Ftp 



\> 



FoG > 

Fig.38. 



-iff 1 ff 



Moreover, if G and if satisfy the same conditions as G and Lp , then there exists 
a unique 2-morphism ip : G =^ G , such that 



e^- o G > e^j ° G 




■p 




^ Fig.39. 



Theorem 2. For any l-morphism F : A ^ B in (TZ-2-Mod), the kernel of F 
exists. 

Proof. We will construct the kernel of F as follows: 

• There is a category KerF consists of: 

■ Object is a pair (A, a), where A G obj{A), a : F{A) — )■ is a morphism in 

■ Morphism / : (A, a) — )■ (A , a ) is a morphism f : A -^ A in A, such that 
a' o F(/) = a. 

f Iff' 

■ Composition of morphisms. Given morphisms [A, a) ^ [A ,a) — > [A ,a ), 

their composition f o f : A -^ A is just the composition of morphisms in 
A, such that a" o F{f' o /) = a" o (F(/') o F{f) = a o F{f) = a. 

The above ingredients satisfy the following axioms: 
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(1) For any {A, a) E obj{KerF), there exists l(A,a) 
such that any/ : {A, a) -^ {A', a), f o 1(^^„) = /. 

(2) Composition is associative: Given morphisms 



Ia : (A, a) -^ {A, a) 



A,^A, 



A, 



/3, 



A, 



We have (/a o /2) o fi = f^ o (/2 o fi) in A, so it is true in KerF. 

KerF is a groupoid with zero object (0, Fq), where is unit object of A, 

Fq : F(0) — 7- is a morphism in A. 

For any morphism / : [A, a) — )■ {Ai, ai) of KerF, is a morphism / : A — )■ Ai 

in A such that ai o Ff = a. A is an 7^-2-module, as a morphism in A, 

f : A ^ Ai has inverse g : Ai ^ A such that go f = 1a- Then gf : (Ai, ai — )■ 

{A, a), such that g o f = l(A,a) and a o F(7 = ai, so is the inverse of / in 

KerF. 

KerF is a monoidal category. 
There is a bifunctor 

+ : KerF x KerF — )■ KerF 

((y4i,ai),y42,a2)) ^ (^, a) = (A,ai) + (.42,02) 
((v4i, ai) -^ {A[, a'l), (v42, 02) -A (^2^ 4)) ^-^ (^i> «i) + (^'u ^i) -^^ — ^ (^2, 02) 



1^2) ^^2 



where A = Ai + A2, a is the composition 



F(A) = F{A^ + A2 



FAi + FA2 



a-i+a2 



>0 + 0-^0 



/1 + /2 : .4.1 + 74]^ — )■ A2 + A2 is an addition of morphisms in A under monoidal 
structure of A, such that the following diagram commutes: 



F(A,+A;) "'''"''\ FiA,+A;) 




FA+FA -^^^FA,+FA, 
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Then /i + /2 is a morphisin in KerF. 

Moreover, there are natural isomorphisms: 

(i) < {Ai,ai),{A2,a2),{A3,a3) >=< ^1,^,^3 >: ((A, ai) + (^2, aa)) + 
(A3, 03) = {{Ai + A2) + A3,a) — > {Ai + {A2 + A3),a') = (A,ai) + ((A2,a2) + 
{A3, as)), such that the following diagram commutes: 




ii) ^(A,a) = ^A : (0, Fq) + {A, a) = {0 + A, a ) — > {A, a), such that 



^FiO+A) 




F(A) 



commutes. 

(iii) r(^A,a) — fA '■ {A, a) + (0, Fq) = (A + 0, a) — > {A, a), such that 
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^F(A+0) 



F(r, ) 




F(A) 



commutes. 

From the definition of morpliism in KerF and A being a monoidal category, 
tlie above isomorpfiisms satisfy the Mac Lane coherence conditions. 

KerF is a symmetric 2-group. 

■ For any {A,a) G obj{KerF), A G obj{A), a : F{A) -^ 0. Since ^ is a 
symmetric 2-group, so A has an inverse A*, and natural isomorphism r/^ : 
A* + A^0. Let a* be a composition F{A*) = {F{A)y ^ 0* = 0. We have 
{A, a)* = {A*, a*), and natural isomorphism ?^(A,a) = Va '■ {A, a)* + {A, a) — )• 
(0, Fq). It is easy to check ?7(A,a) is a morphism in KerF. 

■ For any objects (^i, ai), {A2, 02) G KerF, there is a natural isomorphism 

C(Ai,ai),(A2,a2) : (^l,«l) + (^2,02) -)■ (^2, 02) + (Ai,ai), 

given by 

CA„A2 ■.Ai + A2^A2 + Ai, 

and since c^i.Aa ° c^a.Ai = «rf, so c^i.^a o ca2,Ai = «rf- 

KerF is an 7^-2-module. 
There is a bifunctor 

• : 7^ X KerF — > KerF 

(r, (.4, a)) ^-^r■ {A, a) = {r ■ A, a) 



f 



¥>■/ 



(ri -^ r2, (^1, ai) -^ {A2, 03)) ^ ri ■ (^i, Oi) — ^ r2 • (A2, 02) 



F2 



where a : F(r ■ A) — > r ■ F{A) —^ r ■ ^ 0, ip ■ f is defined under the 
operation of TZ on A, and such that the following diagram commutes: 



27 



n^-4) i^^> F(;v^.) 




r,-FiA,) I^> r,.F(4) 




Moreover, there are natural isomorphisms: 

(1) «(Ai,ai),(A2,a2) ^ '^ " ((^i.^i) + (^2,^2)) ^ r ■ (y4i,ai) + r ■ (^2,02), as 

follows: 

r ■ ((A, ai) + (A2, as)) = (r ■ (Ai + A), a'), r ■ (A, ai) + r ■ (A2, 02) = (r ■ 

Ai + r ■ A2,a ), a^^^ ^ ^ ^-^^ ^ \ = «Ai,A2' where a and a are the compositions 

as in the following diagrams, such that the diagram commutes: 



F(r-(4+^_)) —^F{r-A^ + r-A^) 




+F(r-4)\ 



r-F{A^ + 



r ■ (FA, + FA^ ) -^^'"^ > r ■ FA, +r-FA, 

'■■ (a +a,) 



r ■ a, + r ■ a^ 




(2) 6[^'3 : (ri + r2) ■ (A, a) ^ ri ■ (A, a) + r2 ■ (A, a), as follows: 
(ri + r2) ■ (A, a) = ((n + r2) ■ A, a'), n ■ (A, a) +r2 ■ (A, a) = (n ■ A + r2 ■ A a"), 
^Mo) ~ ^a''^^! where a and a are the compositions as in the following 
diagrams, such that the diagram commutes: 
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F{ir^ +r^)-A) "^"^ > Fir^ -A + r^ ■ A) , 




(3) 6.ri,r2,(A,a) : (^1^2) " {A, o) -^ Ti ■ (r2 ■ (A, a)), as follows: 
(rir2)-(A,a) = ((rirg) ■ A, a'), (ri ■ (r2- (A, a)) = (ri ■ (rg- A), a"), &r-i,r2,(A,a) = 
bri,r2,Ay where a and a are the compositions as in the following diagrams, 
such that the diagram commutes: 



F(ir,r,)-A) ^^ /^(^ ■ (r, ■ ^)) 




(4) i{A,a) '■ 1 ■ {A, a) — )■ (^4, a), as follows: 

1 • {A, a) = {1 ■ A,a), i(A,a) = ^a, where a is the composition as in the 

following diagrams, such that the diagram commutes: 



29 



,F{I-A, 



^('■) 



>F{A) 




(5) 2^ : r ■ (0, Fo) ^ (0, Fq), as follows: 

r ■ (0, Fo) = (r ■ 0, Fq), 2^ is just the natural isomorphism in A, such that 

the following diagram commutes: 



'F{r-Q 



f(z,) 



>F(0) 




The above natural isomorphisms, together with the basic facts about TZ-2- 
module A satisfy Fig. 18. -31. commute. 

KerF is a kernel oi F : A ^ B. 
(i) There is a functor 

ep : KerF — > A 

{A, a) H^. A 

{Ai, ai) 4 (A2, as) ^ / : Ai ^ ^42 

such that, for (Ai, ai) -^ (A2, aa) -A (A3, 03), we have eF{f2°fi) = /20/1 = 

eF(/2) oeF(/i). 

And also there are natural isomorphisms: 

{eF)+ = id : epHAi, ai) + {A2, aa) = Ai + A2 = eir((A, ai) + eF((A, 02)), 

(ep)o = id: 6^(0, Fq) =0, 

(6^)2 = ^c^ : ei?(r ■ {A, a)) = r ■ A = r ■ epi^A, a). 
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Obviously, Fig. 32. -36. commute, 
(ii) There is a 2-morphism: 

Ef ■ F o ep ^ 

given by, {eF){A,a) = a : (F o eF){A,a) = F{A) -^ 0, for any {A, a) e 
obj{KerF). 

(iii) {KerF,eF,£F) satisfies the universal property. 

For any /C G obj {TZ-2-Mod) , 1-morphism G : IC ^ A, and 2-morphism 

(p : F o G ^ 0. There is a 1-morphism: 

G' : /C ^ KerF 

A^iG{A),ipA) 

A 4 ^2 ^ (G(A), yP^J ^ {G{A2),ipA,) 

It is easy to see G is well-defined and G is an 7^-homomorphism. 
Define a 2-morphism 

V? : Cf o G =^ G 

by 

V^A = Iga : {eF o G')(A) = ep(GA, if a) = GA ^ GA, 

for any A G obj{IC). 

ip is compatible with (/? and e^?, i.e. Fig.38. commutes. 

Ii G ,(p satisfy the same conditions as G , (/? . 

To define ip : G =^ G , we need to define, for any A G obj{IC), a morphism 
ipA '■ G (A) — )> G (A), which is defined by ipA = fA from the commutative 
diagram Fig.39.. 

Obviously, i/j is unique for p is. 

D 

Definition 14. Let F : A ^ B he a 1-morphism in(7^-2-Mod). The cokernel of F 
is the triple {CokerF,pF, t^f)-, where GokerF is an 7^-2-module, pf '■ S -^ CokerF 
is a 1-morphism, and tif : Pf ° F ^ is a 2-morphism, satisfies the universal 
property in the following sense: 

Given an 7^- 2- module /C, a 1-morphism G : i5 — ?> /C, and a 2-morphism p : GoF ^ 
0, there exist a 1-morphism G : CokerF — )■ /C and a 2-morphism tp : G opF =^ G, 
such that p is compatible with p and ttf, i.e. the following diagram commutes. 

31 



'd-F 



G op^oF- ' > G oO 



G°F .„ > 



Fig.40. 



Moreover, if G and v? satisfy the same conditions as G and Lp , then there exists 
a unique 2-niorphism ifj : G =^ G , such that 



G ° A-- "'' > g' o p^ 








Fig.41. 



commutes. 



Theorem 3. For any l-morphism F : A ^f B in (R.-2-Mod), the cokernel of F 
exists. 

Proof. We need to construct an the cokernel of F as follows: 

• Let GokerF be a category consisting of: 

■ Objects are those of B. 

■ Morphism of Bi — t- B2 is the equivalence class of {f,A), denoted by 
[/, A], where A G obj{A), / : i?i — t- S2 + F{A), and for two morphisms 
{f,A), (/ , y4 ) : i?i — ^ B2 are equivalent if and only if there exists an iso- 
morphism a : A ^ A in A, such that (l^a + -^(a)) ° f = f ■ 

■ Composition of morphisms in GokerF. 

Let Bi — '■ — > B2 — '■ — y B3 be morphisms in GokerF. Then [/2,^2] ° 
[/i, Ai] = [/, A], where A = Ai + A2, /is the composition 



B^^B2 + FA, ^ii^ (S3 + FA2) + FA, <^-^^-^^^>^, b, + {FA2 + FA,) 
^"-''^""-""-> B, + {FA, + FA2) ^^^^^ B, + F{A, + A2). 

The above composition of morphisms in GokerF is well-defined, since, if 
{f,,A,) and {f,,A^) are equivalent, i.e. 3 a : A, ^ A^., such that (1^2 + 
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F(a)) o /i = /i- Then there exists /? = a + 1a2 ■ Ai + A2 -^ A[ + A2, such 
that the following diagram commutes: 



(y,.'<2)°(/p^ 




(,/;,^,)°(/,.^, ) 



m 



, + F(A + A, ) >B, +F{A, +A,y 



The above objects and morphisms, together with composition of morphisms 
satisfy the following axioms: 

(1) For any B E B, there exists identity morphism [1_b,0] : B ^ B in 

CokerF, where is unit object oi A, Tb ■- B ^ B + i^±^ B + FO, 
such that for any morphism [f,A] : B ^ Bi, [/, A] o [1^, 0] = [/, A]. 

In fact, [f,A] o [1^,0] = [/ , A], where A = A + 0, f is the composition 



1b+F-^ 



/+1f(i 



B ^^ 5 + ° > B + FO ^^i^ {Bi + FA) + FO 

FO) ^^^+"^^-^°) 5^ + (i^o + FA) ^^'^^^ > Si + F(0 + A). There exists an 
isomorphism l^ : + A —^ A, together with the properties of F, such that 
{f ,A) is equivalent to (/, A), so they are same morphism in CokerF. 

(ii) Associativity of compositions. Given morphisms 

There exists an isomorphism < Ai, A2, A3 >: {Ai+A2)+A3 — )■ Ai + {A2+A2), 
such that 

[/3, A,] O ([/2, A2] O [/i, Ai]) = ([/3, A,] O [/2, A2]) O [A, Ai] 

up to equality in CokerF. 
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CokerF is a groupoid with zero object 0, where is zero object of B. 

For any morphism [/, A] : Bi ^ B2 in CokerF, since / : Si — ?■ i?2 + FA 
is a morphism in i3, and i5 is a groupoid, there exists f : B2 + FA — )■ i?i, 
such that / o f = id. For any A G o6j(-4.), since A is 2-group, there exists 
A* G o6j(^), and a natural isomorphism rj^ '■ A + A* -^ 0. 

Let /* be the composition 

B2^B2 + 0^B2 + F0^B2 + F{A + A*) -^ 

B2 + {FA + F{A*) -^ {B2 + FA) + F{A*) ^ B^ + F{A*). 

From 77^, the properties of 2-groups and F, we get 

[ir,A*)oif,A)] = [lB,,0]. 

CokerF is a monoidal category. 
There is a bifunctor 

+ : CokerF x CokerF — > CokerF 
iB,,B2)^B, + B2, 

{B, i^^ B2 , B, i^^ ^4) ^ 5i + ^3 ^ ^2 + 54 



A 



where B1+B2 is the addition under the monoidal structure oi B, A — A1+A2, 
f is the following composition 

B, + S3 ^ii^ (S2 + FA,) + (S4 + Fyl2) ^±1^ (Si + S4) + {FA, + FA2) 
U{B, + B^)+F{A, + A2). 



From the definition of +, the natural isomorphisms are those of them in B, 
then the Mac Lane coherence conditions hold. 

CokerF is a symmetric 2-group. 

For any object B G CokerF , B E B, since i3 is a 2-group, there exist B* G B, 
d.nd r]B : B* + B ^ 0. Let r]'jj : B* + B ^ B* + B + ^ B* + B + FO, then 
{riB,0) is an isomorphism in CokerF. 
For any two objects B,, B2 G CokerF, Bi,B2 E B, B is symmetric monoidal 
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category, there exists 03^,32 : -Bi + -82 — ^ -B2 + -Bi, such that cbj^,b2 ° cb2,Bi = 
l_Bi+_B2- Let Cb-^ B2 ^^ ^^^ composition 

B, + B, '-^^ B, + B, ^^ {B, + B^) + '^^-^^^\ i^B, + B,) + FO. 

Obviously, 4^,63 ° 42,i?i = 1bi+B2- 
CokerF is an 7^-2-module. 
There is a bifunctor 



■ : 7^ X CokerF — > CokerF 
{r,B) \-^ r ■ B, 

(n ^ r2,i?i i^ S2 H^ n . Bi i^ r2 ■ 52 

where r ■ B E B under the operation oi TZ on B, A = r2 ■ A, f is the 
composition 

n- Bi-^r2- Bi^r2- {B2 + FA) ^ r2 ■ B2 + r2 ■ FA -^ r2 ■ B2 + F{r2 ■ A). 

The natural isomorphisms are all induced by the the natural isomorphisms 
in i3, so they satisfy Fig. 18-31. commute. 

There is a functor: 

Pf '■ B — > CokerF 
B^ B, 

BiU B2^ Bi ^^ B2 

where / is the composition 

f :B^Ab2^B2 + ifil^ B2 + FO. 

■ Pi? is a functor. 

Let Bi -^ B2 — 7> i?3 be morphisms in i3, we need to prove Pf(/2 o /i) = 

PFU2) oPf(/i)- In fact, 

PfUi) = [/;, 0] : 5i ^ B2 ^ ^2 + ^ S2 + FO, 

PFU2) = [fi 0] : 52 -^ S3 ^ S3 + -^ S3 + FO, 
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PfUi o /2) = [/, 0] : Bi ^ S3 ^ S3 + ^ S3 + FO, 

PF{f2)opF{fi) : 5i ^ S2+FO ^ (S3+F0)+F0 ^ S3+(F0+F0) ^ S3+F(0+0) ^ S3+FO. 

For any identity morphism 1^ : S — ?> S in i3, we have pf{1b) = (1b, 0) : 

B ^ B. 

■ There are natural isomorphisms: 

{Pf)+ = id : Pf{Bi + B2) = B^ + B2= Pf{Bi) + ^^(^2), 

{Pf)o = id : Pf(0) = 0, 

{Pf)2 = id : pFir • B) = r • B = r • pf{B). 

Obviously, Pf is an 7^-homomorphism. 

Define a 2-morphism 

ttf '■ Pf ° F ^ 

given by, for any A G obj{A), 

{'rrF)A = [{7^f)'a, ^] : (Pf o F)(A) = pf{FA) = FA ^ 

where (vTi.)^ : F^ -^ Fy4 + ^ FA + FO. 

Next, we will show pf, t^f satisfy the universal property. For any /C G obj(TZ- 

2-Mod), 1-morphism G : i3 ^ /C, and (^ : G o F ^ in (7^-2-Mod), define a 

homomorphism 

G' : CokerF -^ /C 
S^G'(S), 

S, i^ S2 ^ G(SO ^^^^t^ G(S2) 

Since G is an 7^-homomorphism, so G is. 
Define a 2-morphism (/? : G o p^^ ^ G, by 

ip's ^ Igb : {G'opp){B) = G\B) = G{B), 

for any B G obj{B), such that Fig.40. commutes. 

If G and (/? satisfy the same conditions as G and ^p , there is a 2-morphism 
^ : G" ^ G' defined by, i/jb = ^'b ■ G" (B) -^ G'(S),for each B G ofei(i3), 
such that the diagram Fig. 41. commutes . 

Obviously, ^ is the unique 2-morphism for Lp is. 
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D 



A groupoid enriched category (for short, a Gpd-category) is in fact a 2- 
category, satisfies some special properties, which plays an important role in 2- 
abelian category (more details see [19]). Next we will give some results about 
(7^-2-Mod). 

Lemma 1. The 2-category (TZ-2-Mod) is a Gpd- category. 

Proof. (7^-2-Mod) contains the following ingredients: 

(1). For any A,B E obj {7l-2-Mod) , Hom{A, B) is a groupoid, with 7?.-homomorphisms 
from ^ to i3 as its objects and the morphisms of two 7?.-homomorphisms as its 
morphisms. 

Composition of morphisms. Let t : F ^ G, a : G ^ H he morphisms in 
Hom{A, B). a o T : F ^ H is given by 

(a o r)A = (Jaota:FA^GA^ HA. 

It is easy to check o" o r is a morphism of 7^-homomorphisms from F to if (see 
Theorem 1). 

The above objects and morphisms satisfy the following axioms: 

(i) For any F e Hom{A, B),3 1f: F ^ F, defined by {1f)a = I fa, "^ A e A, 
such that for any t : F ^ G, and a : H ^ F,we have Tolp = t, Ipoa = a, since 
{to1f){A) = tao{1f)A = taoIfa = ta, {Ifoo-){A) = {1f)aoo-a = Ifaocta = o^a, 
for any A E A. 

(ii) Associativity of the composition. Given morphisms 

Pl — > r2 — > rs — > r^ 

in Hom{A, B). Then {r^ o T2) o ti = t^o {t2 o Ti), since 

((rg o T2) o ti)a = ((ra)^ o (t2)a) ° in) a = (t-3)a o ((r2)A o (n)A) = (^-3 ° (^2 o Ti))a, 

for V A G obj{A). 

(iii) For any morphism t : F ^ G : A ^ B, 3 t* : G ^ F, such that 
r* o r ^ If- In fact, ^ A E A, ta '■ FA -^ GA is a morphism in B, and B is a. 
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groupoid, so 3 (r^)* : GA -)■ FA, such that (r^)* o r^ ^ Ifa- Define r* : G ^ F 

by (t*)a = (ta)*, such that (r* o r)^ = {t*)a o ta ^ Ifa = (1f)a. 

(2). For any A G obj (TZ-2-Mod) , there is an T^-honiomorphisni Ij^^ : A ^ A, 
defined by U(A) = A, VA G A. 

(3). For any ^, i3, C G obj {TZ-2-Mod) , there is a functor composition 

comp : Hom{A,B) x Hom{B,C) — )• Hom{A,C) 

{F , G)^ comp{F, G) = GoF, 
{a:F^F',/3:G^G')^ comp{a, P) = fi * a 

where (3 * a is the horizontal composition in Theorem 1. 

From Theorem 1, we also have 

(4). ForalM, B, C, V e obj {n-2-Mod) , and F e Hom{A,B), G G Hom{B,C), H G 
Hom{C,V), there is a natural transformation 

aH,G,F = id : {H o G) o F ^ H o {G o F). 

(5). For all A, B E obj (Jl-2-Mod) , F G Hom{A,B), there are natural trans- 
formations 

Pf : F o l^ ^ F, 

Xf ■ Ib o F ^ F 

given by, for any A G obj (A), / : Ai -^ A2 in A, {pf)a = id, {Xf)a = id, (pf)/ = 
F{f), (Af)/ = F{f). Obviously, pp, Xp are morphisms in Hom{A,B). 

'P /~1 TT T/' 

Given 7^-2-module homomorphisms A ^>- B —> C — > V — > £. Since a_^_ _, p_, A_ 
are identities, so they satisfy the following diagrams commute: 

({K oH)oG)oF "'"""' > {KoH)o{GoF) 



(^o(//oG))oF ^o(/,o(GoF)) (GolJoF "---> Go(l,oF) 




Ko((HoG)oF) GoF 
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D 

Corollary 1. (lZ-2-Mod) is a Gpd* -category, where Gpd* means the pointed groupoid 
appearing in fiyf . 



Proof. For any A, B & obj (7l-2-Mod) , Hom{A, B) is a pointed groupiod where the 
point is just the zero T^-homomorphism from A to B. Using the similar methods 
in the proof of Lemma 1, it is easy to prove it. D 

Lemma 2. For any A, B E obj {TZ- 2- Mod), Hom{A,B) is a symmetric 2-group. 

Proof. From Lemma 1, Hom{A, B) is a groupoid, so we need to give the monoidal 
structure on it, and prove it is symmetric under this monoidal structure. 

There is a bifunctor: 

+ : Hom{A,B) X Hom{A,B) — y Hom{A,B) 

(F, G)^F + G, 
{t : F ^ F' ,a : G ^ G') ^ r + a : F + G ^ F' + G' 

given by, {F + G){A) = FA+GA , (r + a)^ = ta + cta under the monoidal addition 

in B, for any A E A. 

The unit object G Hom{A, B) is just the zero 7^-homomorphism of 7^- 2- modules. 

Moreover, there are natural isomorphisms: 

<F,G,H>:{F + G) + H^F + {G + H), 
lp:0 + F^F, 
rp: F + 0^ F 

defined by, < F,G,H >a=< FA, GA, HA >, {If)a = hA, (?^f)a = rpA, ^ A e A. 
Since S is a monoidal category, the Mac Lane coherence conditions hold, i.e. Fig.l- 
2. commute. 

For any F,G e obj{Hom{A, B)), {cf,g)a = cfa,ga, 3 cf,g : F + G ^G + F, 
such that cfa,ga o cga,fa - Iga+fa- Then cf,g ° cg,f = Ig+f- 

For any F G obj{Hom{A,B)). Define F* : B ^ Ahj F*{A) = (FA)*, VA G 
A, where (FA)* is the inverse of FA in B, with natural isomorphism 'qFA '■ {FA)* + 
FA — )■ 0. So there is a natural isomorphism tjf : F* + F ^ 0, given by (r^i?)^ = 
Vfa- □ 
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Lemma 3. (TZ-2-Mod) is a presemiadditive Gpd-category refer to the Definition 
218 m im. 



Proof. For any A, B ^ o6j(7^-2-Mod), Hom{A, B) is a symmetric monoid groupoid 
(Lemma 2) with transformations natural in each variables: 

^EuG, ■.Ho{Gi + G2)^HoGi + HoG2, 
^g"^' ■■{Hi + H2)oG^HioG + H2oG, 
ipl^ -.0^ HoO, 
^^ : ^ o G, 

defined by, WA G A, 

(^GugJa = {H^)g,a,g,a ■■ (H o (Gi + G2))(A) = HiG.A + G^A) ^ HiG.A) + //(GsA), 
(^^^■^^)a = zrf : {{H, + H2) o G){A) = H,{GA) + H^iGA), 
{if^)A = Ho : 0(A) = ^ H{OA) = H{0), 
(^f^)^ A ^^ . o(^) = ^ 0{GA) = 0. 

The above natural transformations satisfy the following conditions: 

(a) For A e obj{n-2-Mod), H e Hom{B,C), the functor H o - : Hom{A,B) -^ 
Hom{A,C), with (fiQ_^ q^ and ^p^ , is symmetric monoidal. 

In fact, (Gi + G2){A) = GiA + G2A, \/ A e A. Moreover, F satisfies the 
following commutative diagrams: 



H{{G,A + G^A) + G^A) -^H(G^A + {G^A + G,A)) 



^ G]A+G2A,G2A 



H{G^A + G^A) + HG,A 



HG,A + H{G^A + G,A) 



(HG^A + HG^A) + HGjA > HG,A + (HG^A + HG^A) 



< HG,A,HG^A.HG,A > 



H{GA + 



HGA 



OA)- 



-^ HGA + HO A 



HGA +if^ 

-> HGA + 



K(G,A+G,A) - 



-^UG^A+HG^A U(OA+GA) — -^^^^^UOA+UGA 



Il{G,A+G,A) > HG^A+HG.A 



HG].^,HG2^ 



UGA 



(Pj, + HGA 

-^ 0+HGA 
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So i/ o — is a symmetric monoidal functor. 

(b) For G E Hom{A,B), C G o6j (7^-2-Mod), the functor - o G : Hom{B,C) -^ 
Hom(A,C), with ip^^^' ^ and ipQ symmetric monoidal in the same methods as in 
(a). 

(c) For all Hi,H2 E Hom(B,C), the transformations tp_^' ^ and tp'^ are monoidal 
functors, Since Hi,H2 are 7^-homomorphisms. 

(d) For G : -B ^ C, H : C ^ V, and F,F' E Hom{A,B), aH,G,- is a monoidal 
natural identity, i.e. the following diagrams commute: 



^H.CF ^ H.a.F 



(HoG)oF + {HoG)oF' >Ho(GoF) + Ho(GoF) 



{HoG)o{F + F') 



Ho{GoF + GoF') 



i-if, 



Ho(Go(F + F')) 



-HoQ 

G 



(/foG)°0 >/f o(GoO) 



Similarly, the following conditions hold. 

(d) For F E Hoin{A, B), H E Hom{C, V), aH-,F is a monoidal natural transfor- 
mation. 

(e) For F E Hom{A,B), G E Hom{B,C), a-,G,F is a monoidal natural transfor- 
mation. 

(f) For all A, B E obj {TZ-2-Mod) , since A_ and p_ are identities, so the following 
unit natural transformations are monoidal: 
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Hom{A,B) 




Hom{A,B) 



i.e. the following diagrams commute: 



l«o(F,+7^,). . , 



P,,, .(F,+i^,)ol^ 



F,+F, 






IgoO 



Ool 



Proposition 5. (TZ-2-Mod) has all finite biproducts. 



n 



Proof. For any two objects A,B in (7^-2-Mod), there is a new object ^ x S in 
(7^-2-Mod). 



^ X i3 is a category consisting of the following data: 

• Objects are pairs {A, B), where A G obj{A), B G obj{B). 

■ A morphism between (^41, Bi) and {A2, B2) is a pair (/, g), where / : Ai — > 
A2 is a morphism in ^, (7 : i?i — t- B2 is a morphism in B. 



Composition of morphisms. Given morphisms (^1, Bi] 



(/i,3i) 



>(^2,S2) 



(12,92), 



-)■ 



(^3, ^3), (/2, 5'2) o {fi,gi) = (/2 ° fi,92° 9i) is also a morphism in ^ x i3. 
The above ingredients satisfy the following axioms: 

(1) For any {A, B) G obj{A x i3), there exists a morphism 1(a,b) = (Ia, 1b) 
(A, S) — > (A, 5), such that for any morphism {f,g) : (^, -B) — > (Ai,i?i) 
(/,^)ol(A,B) = (/,^)- 

(2) Associativity of compositions. Given morphisms 
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for (/s o /s) o /i = /g o (/2 o /i) and (^3 o 5-3) o fi^i = ^3 o (5(2 o g^), we have 

((/3,^3) O {f2,92)) O (/l,^l) = (/3,^3) O ((/2,^2) O (/l,^l)). 

^ X i3 is a symmetric 2- group. 

For any morphism {f,g) : {Ai,Bi) — )■ (^2,-82) in ^ x i3, and A, B are 
groupoids, there exist f* : A2 ^ Ai, g* : B2 ^ Bi, such that f* o f = 
1a„ 9*og = 1b,. So there exists (/,(7)* = (/*,^*) : (^2,^2) ^ (Ai,Si), 
such that (/,5f)* o (f^g) = 1(Ai,Bi)- 

There is an unit object = (0^, Og) in ^ x ;B, where 0^ and Og are unit 
objects of A and B, respectively. 

There are a bifunctor 

+ :{AxB)x{AxB)^{AxB) 

{{Ai,B,),{A2,B2))^{A,,Bi) + {A2,B2) = {Ai + A2),B, + B2), 
{{fi,9i), {12,92)) ^ U'i,9i) + if2 + 92) = (/i + 12,91 + 92) 

and natural isomorphisms: 

< (A, Si), (A2, S2), (A3, Bs) >: ((Ai, 5i) + {A2, B2)) + {As, Bs) 

^{A,,Bi) + {{A2,B2) + {As,Bs)), 
l^A,B)--0 + iA,B)^{A,B), 
^A,B) :{A,B) + 0^ {A, B) 

given by < (Ai, Bi), (A2, B2), (A3, ^3) >^ (< Ai, A, A3 >, < Bi, B2, S3 >), 
kAB) = {Ia,Ib), i^{a,b) = {j'A,rB)- Obviously, the Mac Lane coherence 
conditions hold. 

For any (A, B) G ohj^A xB), Ae A, B e B, there exist A* e A,B* e B, 
and natural isomorphisms 77^ • A* + A — )• 0, rjB : S* + -B — ?> 0. Then 
there exists (A, S)* = (A*, B*), and natural isomorphism ?7(a,b) = {va,Vb) '■ 
{A,B)* + {A,B)^0. 

For any two objects (Ai, i?i), (A2, -B2) G (A, x B), since there are natural 
isomorphisms 0^1,^2 : Ai + A2 — > A2 + Ai, Cbi,b2 '■ Bi + B2 -^ B2 + Bi, with 
CAi,A2 ° c^2,Ai = "id, Cb^,b2 ° Cb2,Bi = ^c^- Then we get a natural isomorphism 

C(Ai,i?i),(A2,B2) - (cAi,A2,Cij,,Bj : (Ai,Si) + (A2,52) -^ (A2,S2) + (Ai,Si), 

with C(Ai,Bi),(A2,B2) ° C(A2,B2),(Ai,Bi) = id. 
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^ X i3 is an 7^-2-module. 
There is a bifunctor 

■■.nx{AxB) ^{AxB) 

(r, (A, B))^r- {A, B) = {r ■ A,r ■ B), 

in ^ r2, (A,5i)) ^ (^2,^2) ^ (ri ■ A„r, ■ A,) ^^^^^ (n ■ S^.r^ ■ S^) 

since A, B are 7^-2-modules . 

Also, there are natural isomorphisms: 

aUi,BMA„B,) = (flA^A,, «k,Bj : r ■ {{Ai,B,) + {A^, B^)) ^ (r ■ (Ai + A2), r ■ (Si + ^a)), 
6[-;|) = (&A"'^ &3'^'') : (n + ^2) ■ (A, 5) ^ n ■ (A, B) + T^- (A, 5), 

&ri,r2,(A,B) = (&ri,r2,yi, ^n.ra.s) : (^^^2) " (^, -B) -^ Ti ■ (r2 ■ (A, B)) , 

i{A,B) = (m, ^b) : / ■ (A, 5) ^ (/ ■ A, / ■ 5), 
z^ = (Zr,^r) : r-0 = r- (0,0) ->0. 

Since ^, i3 are 7^-2-modules, their natural isomorphisms make Fig. 18.- 
Fig.31. commute, so do a(Ai,i?i),(A2,B2)' ^55)' ^n.^2,(A,B), «(A,iJ) and Zr. 

^ X i3 is the biproduct of A and B. 

We need to prove ^ x i3 is not only the product but also the coproduct of 
A and B. 

There are 7^-homomorphisms: 

j^^j^^B^B 

A^{A,B) ^ B, 
A^^A2^ {{A,, B,) ^ (A2, B^)) ^ B, ^ B^ 
and the faithful 7^-homomorphisms: 

A^AxB^B 

A^(AO), 

(0,5) ^ B 

Next, we will show that {A x B,ii,i2) satisfies the universal property of 
coproduct [SI [T9] . 
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For any 7?.-2-module /C and 7^-homomorphisms Fi : A ^^ K,, F2 : S — ^ /C, 
there is an T^-homomorphism G : A x B ^ JC, with 

G{A, B) = FiA + F2B, 

and isomorphisms h : G o ii ^ Fi, I2 : G o 12 ^ F2, given by 

(/i)a : (G o i^){A) = G{A, 0) = FiA + F2O -^ F^A + -> F^A, 

{12)b ■■ {G o i2){B) = G{0, B) = FiO + F2B ^ + F2B -> F2B. 
So ^ X ;B is a coproduct. 
Using the Proposition 225 in [19j, {A x B,pi,p2) is a product, such that 

P2 0il= 0, Pl O Zi = 1_4, pi O Z2 = 0, P2 0i2 = IfJ. 

So, ^ X i3 is a biproduct. 

D 
Definition 15. ([T9] Definition 242) Let C be a Gprf-category. 

1. We say that C is semiadditive if it is presemiadditive and has all finite 
bipro ducts. 

2. We say that C is additive if it is preadditive and has all finite biproducts. 
Corollary 2. (7l-2-Mod) is an additive Gpd-category. 

Next, we use the definitions of pips(copips) and roots(coroots) given in [SjITU] 
to give the next definitions in (7?.-2-Mod). 

Definition 16. Let F : A ^ B he 7?.-homomorphism. 



The pip of F is given by an 7^-2-module PipF, two zero 7^-2-module homo- 
morphisms : PipF — )■ A, and morphism cr : ^ of 7^-homomorphisms 
as in the following diagram: 




PipF ° A '- — > B 
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such that F * a = Iq : ^ : PipF — )■ B, and for any other V as in the 
following diagram 




> B 



with F * a = Iq. There is an T^-homomorphisni G : P — t- PipF, such that 
a * G = a. G is unique up to an invertible morphism of T^-homomorphisms, 
i.e. if there is a G : D — )■ PipF, with a * G = a, there exists a unique 
isomorphism t : G =^ G, such that 



a *G 



-^ u*G 



a 



commutes. 

The copip of F is given by an 7^-2-module CopipF, two zero 7^-homomorphisms 
: i3 — 7- CopipF, and morphism of 7^-homomorphisms a : =^ : i3 — t- 
CopipF, as in in the following diagram: 



A ^^ B 4 CopipF 



such that a * F = 1q : ^ : A ^ CopipF, and for any other 




with a* F = lo- There is an 7^-homomorphism G : CopipF — t- V, such that 
G * a = a. G is unique up to an invertible morphism of 7^-homomorphisms, 
i.e. if there is a G : CopipF — )• V, with G * a = a, there exists a unique 
isomorphism t : G =^ G. 
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Definition 17. Let a : ^ : ^ ^ S be 2-morphism in (7^-2-Mod). 

• The root of a is an 7^-2-module Roota and an 7?.-liomoniorpliisni F : Roota — )■ 
A as in tlie following diagram 



Roota > A 




such that a * F = Iq : ^ : V ^>- B , for any other as in 



V 



^A 




with a * G = lo, there exist an T^-homomorphisni G : V -^ Roota and an 
invertible morphism ip : F o G =^ G. The pair {G , if) is unique up to an 
invertible morphism, i.e. If (G , y? ) satisfies the same conditions as {G ,</?), 
there exists a unique t : G =^ G , such that 



FoG 



PFoG 





commutes. 

The coroot of a is an 7^-2-module Coroota, and an 7^-homomorphism F : 
B — )■ Goroota with F * a = Iq : Q ^ Q : A -^ Coroota. For any other G : 
B ^ V, with G*a = Iq, there exist an 7?.-homomorphism G : Coroota — )■ P, 
and an invertible 2-morphism tp : G o F ^ G as in the following diagram 




> Coroota 



47 



The pair (G , ip) is unique up to an invertible 2-morphism, i.e. if (G , y? ) 
satisfies the same conditions as {G ,Lp), there exists a unique t : G =^ G , 
such that 



G"oF^===>G'°F 





commutes. 

Next, we will use definitions 16-17 to give the existence of (Co)Pip and (Co)Root, 
based on the results of symmetric 2-groups in [SI [19] . 

• Existence of pip of F. 

(i) There is a category PipF consisting the following data: 

■ Object is a morphism a : -^ in A, such that Fa = liT'o? where is the 
unit object of A. 

■ Morphism of(/?:a^6:0— T-Ois just the identity if and only if a = b. 

■ Composition of morphisms is a composition of identity morphisms in A 
which is also identity. 

Obviously, the above data satisfy the necessary conditions in the definition 
of category, and PipF is also a groupiod. 

(ii) PipF is a symmetric 2-group with monoidal structure as follows: 

PipF has a unit object 1 : — >■ 0, which is the identity of 0. 

There is a bifunctor 

+ : PipF X PipF — > PipF 
{a : -^ 0,b : ^ 0) ^ a + b = a o b : ^ 

Also, + maps identity morphism to identity morphism in PipF. Moreover, 
there are natural identities: 

(a + 6) + c = (a o 6) o c = a o (6 o c) = a + (6 + c), 

l + a = loa = a, 

a+l=aol=a 
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satisfy the Mac Lane coherence conditions(Fig.l-2.). 

For any object a : — )■ in PipF, which is a morphism in A, and since A is 
a groupoid, a is invertible. 

For any two objects a, 6 : — )■ in PipF, there exists identity a + b = b + a, 
since a, b are endomorphisms of 0. 

(iii) PipF is an 7^-2-module. 

There is a bifunctor: 

• : 7^ X PipF — > PipF 

(r, A 0) !-)■ r Tir a 
(ri -)■ r2, a — )■ a) H- > 

where r t^t a = 2;^ o r ■ a ■ 2;"^ is the composition 

such that F{r- -k a) = liro- v^ ^ «(i = Zrj * (<^ ■ "^c?) * z~_^^ = id. 

In fact, using Fig. 37. and Fa = Ipoi 

F{r -ka) = F{zr or ■ a ■ z~^) = F{zr) o F{r ■ a) o F{z~^) = F{zr) o Fg"^ o r ■ 

F(a) o F2 o F{z;') = l,.o. 

Moreover, there are natural isomorphisms: 

(1) (rir2) •ka = ri-k {r2-ka). 

In fact, 

r :*c (ai + 02) = r -k (ai o 02) = -Zr o (r ■ (ai o 02)) o -z^T^ = z^ o (r ■ ai o r ■ 02) o 2;^-'^ 

= 2;,. o r ■ ai o 2;^-'^ o Zrf- ■ 02 o 2;"^ = r -k ai o r -k ai = r -k ai + r -k ai, 
(rir2) • a = ^^^^^ o ((rir2) ■ a) o z;-^].,^ 

= Zr, O (n ■ Zr,) O fe^^^^^.O O ((ri?^2) " o) O ^^ilra.O ° ('^l " ^r~2^) ° ^r"l\ 

r2 • a = 2:^2 o (r2 o a) o 2"^ , 

ri * (r2 Tkr a) = Zr^ o n • (r2 -k a) o z':^^ = Zr^ o n ■ 2;^^ o n • (r2 ■ a) o n • 2^^^ o z:^_^^. 

Next, we will check 6ri,r2,o o ((^1^2) ■ a) o 6~^^2,o = ^1 " (^2 ■ a)- 
Let F, GiT^xT^x^— )>^be functors, given by, 

F(ri,r2,0) = (rir2) -0, 
G(ri,r2,0) = ri ■ (r2 -0). 
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for ri,r2 G ohj{TZ). b-,-,- is a natural transformation from F to G, so for 
a : — )■ in ^, we have the following commutative diagram: 



(r.rj) a 



^(rr,)-0 



(^r,)-0- 



r,-{r,-G) >r,(r,-0) 

/• -(r, -a) 



(2) {ri+ r2) -k a = Ti-k a + r2'^ a. 
In fact, 

(ri + rs) * a = z^^+r^ o (n + rg) ■ a o 2;-^^ 



ri+r2 



('2;^, +2;,-,) O&i 



T2; ^ -^o 



(ri + r2)-ao(6-'-)-io(^-i + .-i). 



Next, we will check b^^'^'^ o (ri + r2) • a o (&o^''^) ^ = ri ■ a + r2 ■ a. 
Let F, G : TZ X TZ X A ^ A he functors, given by, for ri, r2 G obj (71), 

F{n,r2,0) = {n + r2)-0, 
G'(ri,r2,0) = ri-0 + r2-0. 

61'^ is a natural transformation from F to G, so for a : — )■ in ^, we have 
the following commutative diagram: 



(/^ + r,)-0 "'"'^'"> (r, + r,)-0 



r, •O + Zj -0 



/' 'fl + 7; ■ (7 



^/-O + r^ -0 



Similarly, we have (3) 1 ^ a = a, (4) r ^ 1 = 1. 

The above natural isomorphisms are identities, so they make Fig.l8.-31. 
commute, then PipF G obj {TZ-2-Mod) . 

(iv) PipF is the pip of F. 

There are zero homomorphisms: 

: PipF — y A 

Ao^o. 
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Remark 6. For one object a G PipF, it is a morphism in A, so we can 
consider the above zero morphisms as one maps to the source of a, another 
maps to the target of a. 



A 2-morphism 



a : 0^0 



(a)a ^ a 



such that, (If * cr)a = (iF)o(a) ° F{{a)a) = Ifo, then F * a = Iq. 

If D G obj{n-2-Mod), and a : ^ : I^ ^ ^, with F * a = Iq. There 
exists an 7^-homomorphism G : "D — ?> PipF, by G{d) = a^ : — ?■ 0, and since 
F*a = Iq, so F{ad) = Ifo- Also for any d eV, {a*G)d = crcd = G{d) = aa, 
i.e. a * G = a. 

From the given 7^-homomorphism G, it is easy to see that G is unique up to 
an invertible 2-morphism. 

Existence of the copip of F. 

(i) There is a category consisting of the following data: 

■ A unique object is denoted by *. 

■ Morphism from * to * is the object B E B. Two morphisms Bi, B2 : ^ ^ 

* are equal, if there exist A G obj{A), and b : Bi ^ FA + B2. Denote the 
equivalence class of morphisms by [B] . 

• Composition of morphisms: 

Let * > * > * be morphisms in GopipF. We have [B2] o [Bi] = [Bi + 

B2], which is well-defined. In fact, if Bi,B^ are equal, i.e. 3 Ai E obj{A), 
and hi : Bi ^ FAi + B[. There exist Ai G ohj{A), and h : Bi + B2 ^ 
{FAi + B[) + B2^ FAi + {B[ + ^2), so Bi + B2, B[ + B2 are equal. 

The above data satisfy the following axioms: 

(1) For the unique object 7^, there exists an identity morphism !:*—;>*, 
which in fact is the unit object of B, such that for any morphism [B], there 

are [S] o 1 = [0 + S] = [fi], 1 o [B] = [B + 0] = [B]. We will to show the first 

equality. In fact, there exist G obj{A), and b : + B -^ > FO + B. 

(2) Associativity of composition. 
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Given morphisms ^ ^ ^ ^ ^ ^ ^, [B3]o{[B2]o[Bi]) ^ {B^+B2)+B^ 
is equal to ([S3] o [S2]) o [Si] = Si + (S2 + S3), since there exist G obj{A), 
and morphism b : (Si + S2) + S3 ^''^'''^'''^^^ Si + (S2 + S3) '^^^'^^^^^^'> 
+ Si + (S2 + S3) ^" '+^^^+<^^+^3)^ FO + Si + (S2 + S3). 

For any morphism [B] in CopipF, B G obj{B), and i3 is a 2-group, so B is 
invertible, then [B] is invertible, i.e. CopipF is a groupoid. 

(ii) CopipF is a symmetric 2-group. 

There is a bifunctor 

+ : CopipF X CopipF — > CopiF 

/ . [-Bi] . . [-62] . . [B1+B2] . 

Moreover, the natural isomorphisms are identities, so they satisfy the Mac 
Lane coherence conditions. The inverse of an object is just itself. 

(iii) CopipF is an 7^-2-module. 

We can give the trivial bifunctor 

ik : TZ X CopipF — > CopipF 
(r, *) !-)> * 

(iv) CopipF is the copip of F. 
There are two zero 7?.-morphisms 

: B -^ CopipF 
S^ * 

Remark 7. For one object S G -B, it is a morphism in CopipF, so we can 
consider the above zero morphisms as one maps to the source of B, another 
maps to the target of B. 

There is a morphism between the above two zero 7^-homomorphisms 

a: 0^0 

aB = S : * — )■ * 
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such that a * F = 1q. 

If P G obj{n-2-Mod), and a : 
an 7?.-honioniorphisni 



: B ^ V, with a* F = In. There exists 



G : CopipF — ¥ V 

*^G'(*) =0, 
[5] : * ^ * ^ G{[B]) = as -.0^0 

where is the unit object of V. For any B G (objB), {G * (j)b = (1g)o(b) ° 

G{aB) = (1g)* o G{B) = G{B) = a^, i.e. G * a = a. 

From the definition of G, G is unique up to an invertible 2-niorphisni. 



Definition 18. ([H], Proposition 179.) Let C be a G'p(i*-category with zero object 
and all the kernels and cokernels. we say that C is 2-Puppe-exact if the following 
property holds. 

For every morphism f : A ^>- B in C,ujf and Uf are equivalent in the following 
diagrams: 



Kerf — "-^^A 




Copipf Pipf „ 



Co ker e ,■ — > Roota 




Corootn -j—'^Kerq. 



Definition 19. (|19]. Definition 183.) A 2-abelian Gjod-category is a 2-Puppe- 
exact Gp(i*-category which has all the finite products and coproducts. 



The following four Propositions are the factorization systems in 2-category 
(7^-2Mod) in the sense of [3 [IH | 



Proposition 6. Every 1-morphism F : A ^- B in (R.-2-Mod) factors as the 
following composite, where Ep is surjective, Qp is an equivalence, and Mp is full 
and faithful. 



A ^ Iml,F ^ Im%F ^ B. 



Proof. Step 1. The 7^-2-module ImhF is described in the following way: 
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Category Im^iF consists of: 

• Objects are those of A. 

■ Morphism f : A ^ A in ImLF is a morphism F{f) : FA — )■ FA in 

B. The composition of morphisms are those of i3, i.e. morphisms Ai — > 

A2 — > A^ in ImhF are FAi > FA2 > FA3 in B, so the composition 

/2 o /i : Ai -> ^3 is F(/2 o f\) = F{h) o F(/i) in B. 

The above ingredients satisfying the following axioms: 

(1) For any object A G ImhF, there exist an identity morphism Ij^ : A ^ A 
given by F{1a) = Ifa '■ FA — ?> FA in B, such that for any morphism / : 
A, ^ A2, we have /ol^^ = /, U^of = f, since F(/oUj = F(/)oF(1aJ = 
F(/) o 1^^^ = F(/), F(U, o /) = F(UJ o F{f) = Ifa, o F(/) = F(/). 

(2) Given morphisms 

Ai 4 A2 4 ^ A A4, 

for F((/3 o /2) o /i) = F(/3) o F(/2) o F(/i) = F(/3 o (/^ o /O), so the 
associativity of composition is true. 

IrnhF is a symmetric monoidal groupoid. 

The unit object of Im^iF is just the unit object of A. 

There is a bifunctor 

+ : ImliF X ImliF ^ ImliF 

{A, A) ^ A + A , 

[Ai 4 A2, a; ^ a;) ^ Ai + a; ^ ^2 + a; 

where 74 + yl is an addition of objects of A^ f + f is a composition morphism 

F(/ + /) : F{Ai + A',) ^ FAi + FA[ ^^±^ FA2 + FA'^ -^ F(^2 + 4). 
Moreover, there are natural isomorphisms: 

< Ai,A2, A3 >: (Ai + A2) + A3^Ai + {A2 + A3), 

Ia ■■ + A ^ A, 

rA-. A + 0^ A, 

ca,A2 : ^1 + ^2 ^ ^ + ^1 

defined by the images of the natural isomorphisms in B under F. As B is 
a symmetric monoidal groupoid, so they satisfy the Mac Lane coherence 
conditions, and Im^iF is a symmetric monoidal groupoid. 

54 



Irn^iF is a symmetric 2- group. 

We need to show every object of Iitl\F is invertible. In fact, for any object 
A G IrripiF, A G obj{A), and A is 2-group, there exist A* G obj{A) and 
natural isomorphism tja '■ A* + A —^ 0, so there are A* G obj{ImhF), and 

composition isomorphism ripA '■ FA* + FA ^— )■ F(A* + A) — ^ FO — ^ 
in B, which gives a natural isomorphism in ImhF. 



ImhF is an 7^- 2- module. 



There is a bifunctor 



7^ X /mJ;F — > ImliF 

(r, A) i-> r ■ A, 

(ri A r2, Ai A A2) ^n- Ai^r2- A2 

where r-Ais the operation oiTZon A, i-p- f : ri-Ai — > r2 ■ A2 is a composition 
F(^ ■ /) : F{r^ ■ A^) A n ■ FA^ ^^ r^ ■ FA^ ^ F^r^ ■ A^) in B. 
Moreover, there are natural isomorphisms: 

^(oai.aJ : r ■ (Ai + ^) -^ r ■ Ai + r ■ A2, 
F{bY') ■.{n + r2)-A^n-A + r2-A, 
F{brur2,A) ■ irir2) ■ A^ri-{r2- A), 

F{ia):I-A^A, 

F{z,) : r ■ ^ 

defined by the images of natural isomorphisms in A under F. Since A is an 
7^-2-module and F is a functor, so Fig. 18.-31. commute. 

Step 2. The 7^-2-module Irn?iF is described in the following way: 

• Category ImiiF consists of the following data: 

• Objects are the triples {A,(p,B), where A G obj{A), B G obj{B), ip : 
FA^ B. 

■ Morphism of (^41, ^pi, Bi) — )> {A2, i~p2-, B2) is the morphism g : Bi ^ B2 in 
B. Composition of morphisms and identity morphism are those of i3, and 
associativity of composition naturally holds. 
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IfniiF is a symmetric monoidal groupiod. 

The unit object is (0, Fq, 0), where the first is the unit object of A, the last 
one is the unit object of i3, Fq : FO — )■ 0. 

There is a bifunctor 

+ : ImlF X ImliF ^ ImlF 

{g , 9)^9 + 9 

where A = Ai + A2, B = Bi + B2, v^ is a composition F{Ai + A2) — > 

FAi + FAi y Bi + B2, 9 + 9 is a morphism oi g, g under the monoidal 

structure of B. 

Moreover, there are natural isomorphisms: 

< (A, (/Pi, 5i), {A2, v?2, B2), (A3, V93, 53) >=< Si, ^2, Bs >: ((Ai, v^i, 5i) + 

{A2, ^2, B2)) + (A3, V?3, 5,3) ^ (Ai, (/?i, Bi) + ((A2, V?2, ^2) + (A3, (/?3, 53)), 

/(A,^,i?) = Ib ■■ (0, Fo, 0) + (A, v9, 5) ^ (A, v9, fi), 
r^.^.B = TB : (A, (/9, B) + (0, Fq, 0) ^ (A, (/?, S), 

C(Ai,<pi,i?i),(A2,>P2,B2) - CBi,B2 : (Al, V^l, 5i) + (A2, (p2, B2) -^ (A2, ip2, B2) + (Ai, V9i, Si) 

where < Bi, B2,B^ >, Is, tb, cbi,B2 ^'^^ natural isomorphisms in i3, satisfy 
the Mac Lane coherence conditions, and also F is a functor, then Irn^iF is 
a symmetric monoidal category. 

For any morphism g : {Ai,ipi, Bi) — )> (A2, (/?25 -B2) in I'^iF is a morphism 
g : Bi ^ B2 in B and i3 is a groupoid, there exists g* : B2 ^ Bi, such 
that g* o g = Ibj^, so there is g* : {A2,ip2, B2) — )> {Ai,ipi, Bi), such that 
5*05 = l(Ai,vi,i?i) inlmliF. 

IrniiF is a symmetric 2-group. 

For any object (A, v?, S) in /m^;F, A e o6j(-^), 5 G ofej^-S), v? : FA -> 5, 
for A, i3 are 2-groups, there exist A* G o6j(A), S* G obj{B), and natural 
isomorphisms r^^ : A* + A — )> 0, tjb : B* + B ^ 0. So there exist (A, (p, 5)* = 
(A*, ip*, B*), and natural isomorphism rj(^A,ip,B) = ??b- 

InipiF is an 7^-2-module. 
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There is a bifunctor 

* : 7^ X /mJ;F — > Iml^F 

(r, {A, ip, B))^ri. {A, ip, B) = {r ■ A, f^, r ■ B) 
(ri ^ r2, (Ai, (/?!, Bi) A (^2, V92, -B2)) ^T^ ■ 9 

where r ■ A, r ■ B are operations of TZ on ^, B, respectively, f"^ is a 
composition F{r ■ A) —^ r ■ FA — > r ■ B, n ■ g is under the operation of TZ 
on B. 

Moreover, there are natural isomorphisms given by the natural isomorphisms 
in B from its 7^-2-module structure. 

Step 3. IrripiF, Im^iF are equivalent 7?.-2-modules. 

Define a functor 

% : Im}^iF -^ ImliF 

A^{A,1fa,FA), 
Ai 4 A2 ^ FAi 4 FA2 

From the definition of Qp, we see that Qp restricts on morphisms of ImhF to be 
identity, so Qp is a functor. 

Also, there are natural morphisms: 

{hp)+ ^ F+ : Qp{A, + A2) = (A + A2, lp(^A,+A,),F{A^ + A^)) -^ hp{A^) + hp{A2) 

= {Ai, lpA„FAi) + {A2, Ifa„FA2) = {Ai + A2, -, FAi + FA2), 
ihp)o = Fo : hp{0) = (0, l,.o, i^O) ^ (0, Fq, 0), 

{hp)2 = F2 : hp{r ■A) = {r-A, Ip^r-A), F{r ■ A)) -^ r ^ hp{A) = r ^ (A, IpA, FA) 
= {r ■ A,-,r ■ FA) 

such that {^p, {Qp) + , {Qp)o, {^p)2) is an 7^-homomorphism, since F is. 
Define a functor 

n-/ : Iml^F -^ ImlF 

{A,p,B)y^A, 

(Ai, (/?!, Bi) 4 (A2, V?2, ^2) h^ f^^^(^) 
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where ilp^{g) = (^2^ ° 9 ° "^i ^^ the composition FAi -A- Bi — )> B2 ^— t- FA2. 

For any identity morphism 1b '■ {A, Lp, B) — )> {A, ip, B) in IrripiF, we have 
Qp^{1b) = (fi^^ o 1^ o (/5 = Ipj^. Given morphisms {Ai,ipi, Bi) -A {A2, ^2, -B2) ^ 
(A3, (/J3, S3), we have l^p.^(^2 o gi) = ip^^ o (512 o 511) o ip-^, ^p^{g2) = ^3^ o 92 o 
V^2, ^^^(^i) = V2^ ° 9i° V'l, so Vlp^{g2 o gi) = ^p^ig2) o ^^^(fi'i). Then fi^^ is a 
functor. 

Also, there are natural morphisms: 

ihp')+ = id : np\{Ai, v^i, Si) + (A2, (/^s, ^2)) = f2^^(Ai + A2, -, Si + S2) = Ai + A2 

-^ f2p^(Ai, v^i, Si) + n~p\A2, (/72, ^2) = Ai + A2, 
(f]^i)o = irf:fi^i(0, 1^,0) =0^0, 
(n-i)2 = id : f2^i(r • (A, ip, B)) = hp\r ■ A, {j^),r ■ B) = r ■ A ^ r ■ np\A,ip, B) = r ■ A. 

Obviously, {^p^, (^2^^)+, (r2^"'^)o, {i^p^)2) is an 7^-homomorphism. 

Next, we will check Vlp^ o i^p = 1, Q,p o Vlp^ =^ 1. 

{hp' o hp){A) = np\A, IpA, FA) = A,y Ae obj{ImliF), 
{hp' o np){g) = {np'){g) =g,yge Mor{Iml,F). 

There is a morphism of 7?.-homomorphisms 

T:hpoh~^ ^1: ImliF — > ImliF, 

given by 

riA,^,B) =ip:{npo hp'){A, ip, B) = flp{A) = {A, IpA, FA) -^ {A, ip, S). 

For a morphism 5( : (Ai,v5i,Si) -^ (A2, ¥72,^2), (1^fo^f^)(^) = O.p{ip2^ogoip^) = 
(p>2^ o g o ipi, i.e. r is a natural transformation. 

{Qp o Qf){{Ai, ipi. Si) + {A2, ip2, S2)) = {Ai + A2, 1fa,+fa,,F{Ai + A2), 

{np o hp'){A,, ip,. Si) + {hp o np'){A2, v^2, B2) = (A, + A2,-, fa, + FA2), 

r{Ai,ipi,Bi)+{A2,<f2,B2) = (V'l + 9^2) o F^, 
T{A,,^,,B,) = Vi, for i=l, 2. 

Thus Fig. 7 commutes. We can also get commutative diagram Fig. 37. in the similar 
ways. 
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Since ip : FA — )> S is a morphism in B, and i3 is a groupoid, so T(^A,<fi,B) is an 
isomorphism. 

Step 4. There is a surjective 7?.-homomorphism. 

Define a functor 

Ep-.A — > ImliF 

A^-^ A, 
f : Ai^ A2^ Ff : FAi -^ FA2 

For any 1a '■ A ^ A in A, 

Ef{Ia) = F{1a) = Ifa- 

Given morphisms Ai — > A2 — > A^ in A, 

EfU2 o /i) = F(/2 o /i) = F/2 o F/i = Epih) o Ep{f,). 

There are natural isomorphisms: 

{Ep)+ = id : {Ef){Ai + A2) = ^1 + ^2 = Ef{Ai) + Ef{A2), 

{Ef)o = id : Ef{0) = 0, 

{Ef)2 = id : ^F(r ■ A) =r-A = r- Ef{A). 

Obviously, {Ef, {Ef) + , {Ef)o, {Ef)2) is an 7^-homomorphism. 
For every C G obj {TZ-2-Mod) , there is a functor 

$ : Hom{ImliF,C) — > Hom{A,C) 
G^GoEf, 
a : Gi ^ 6*2 I— 7> a * Ef = a *1^ 

where a*l^ is the horizontal composition of 2-morphisms. It is easy to check $ 
is an 7?.-homomorphism. 

li a,l3 : Gi^ G2 ■■ ImliF -)■ C, such that a*EF = l3* Ef, i.e. V A G obj{A), 

{a * Ef){A) = G2{{Iep)a) O (^Ep{A) = IG2A o ttA = OA, 

(/? * EF)iA) = G'2((1^J^) o /3g^(^) = Ig,a o /3^ = Pa. 
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Then a = /3. So we proved $ is a faithful functor. 

From above results, we get a surjective T^-homomorphism Ep : A — )■ ImLF. 
Step 5. There is a fully faithful 7?.-homomorphism. 

Define a functor 

Mp : ImliF -^ B 
{A,ip,B)^B, 
g : (y4i, v?i, Bi) -^ {A2, ip2, B2) ^ g : Bi ^ B2. 

For any identity morphism 1(a,vp,b) = 1b • (^1 'fi B) — )■ {A, (/?, S), 

^f(1(A,vp,B)) = Mpils) = Ib = l(A,ip,B)- 

For morphisms (Ai, (^1, Si) -^ (A2, (/?2, ^2) ^ (^3, V^3, -S3), 

Mf(^2 o ^1) = g2° gi = MF{g2) o Mpigi). 
There are natural morphisms: 
{Mf)+ = id : Mir((Ai, (^1, Bi) + {A2, v?2, ^2)) = Mf{A, + A2, -, Bi + B2) = Bi + B2 

-^ Mf{Ai, ifi, Bi) + Mf{A2, ip2, B2)) = fil + ^2, 

(MF)o = ^rf:M^(0,Fo,0)=0, 

(Mf)2 = «c/ : MF(r ^ (A, (^, S)) = MF{r ■ A,-,r ■ B) = r ■ B = r ■ Mf{A, ip, B). 

{Mf, {Mf) + , {Mf)o, {Mf)2) is an 7^-homomorphism. 

For any pairs of objects {Ai, ^pi, Bi), {A2, (p2, -B2) in I'>^pi^ with g : Bi ^ B2 
in B, there exists g : {Ai, (pi, Bi) — )■ {A2, v?2) -B2) in -^"^pz-^; such that Mpi^g) = g. 
Thus Mf is full. 

For given morphisms (71,(72 : {Ai,Lpi,Bi) — )■ (/I2, (/?2) -B2) in ^^iF such that 
Mf(^i) = Mf((72) : 5i ^ S2, since MF{g^) = gu i = 1, 2. So (71 = (72. Thus Mf 
is faithful. 

Step 6. F = Mfo'^f^ Ep. 
For any A G obj(^), 

(Mp o f]^ o ^ir)(A) = {Mf o f2F)(A) = Mf{A, If a, FA) = FA. 
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For any morphism f : Ai ^ A2 in A, 

[Mf o Up o EF){f) = {Mf o QF){Ff) = MpiFf) = Ff. 
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Proposition 7. For each TZ-homomorphism F : A^f B in (TZ-2-Mod), Ep : A — t- 
IrripiF is the cokernel of the kernel of F. 

Proof. We know that the kernel of F is {KerF, ep, Sp), where KerF is a cate- 
gory with objects are pairs {A, a), where A G obj{A), a : FA — )■ 0, ep{A,a) = 

A, {sp)(A,a) = a- 

• Let us describe the Cokercp in the following ways: 

■ Objects are the objects of A. 

■ Morphism from Ai to A2 is the equivalence class of the triple {N,a,f), 
denote by [N,a,f], where N G obj{A), a : FN — )■ is a morphism in B, 
f : Ai -^ N + A2 iia A, and for two morphisms {Ni,ai, fi),{N2,a2, f2) '■ 
Ai — > A2 are equal if there exists a morphism n : Ni ^ N2 in A, such that 
the following diagrams commute: 



:N.+A, 



F(N,). 



^^^^^^ Fig.42. ^^""^y 



Composition of morphisms. Let Ai — '■ — '■ — y A2 



,0 

Fig.43 



> ^3 be morphisms 



in Cokercp, [N, a, f] = [N2, 02, /2] o [Ni, ai, /i], where N = Ni + N2, a is the 
composition F(A^i+A^2) -^ FN1+FN2 ^^^ 0+0 = 0, / is the composition 

A, 4 N,+A2 ^^^^ N, + iN2+A,) <^"^"^-^^") {N, + N2)+As = N+A^. 

This composition is well-defined, since {Ni, ai, /i), (A^^, a^, f^) are equal, i.e. 
3 ni : Ni ^ N^, such that (rii + l^^) o fi = fi, a^ o Frii = ai. There exists 
n = m + liV2 : A^i + A^2 ^ iV{ + N2, such that Fig.42.-43. commute, then 
(A^2, ^2, /2) o (Ni, ai, /i) is equal to (A^2, ^2, /2) ° (K^ Oi> /i)- 

There is a morphism of 7^-homomorphisms 

6 : i?i? o Ci? ^ 
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given by 

5(A,a) = a:{EFO eF){A, a) = {Ep){A) = A^ 0{A, a) = 0, 

for any (^4, a) G obj{KerF), which is a morphism in IrnhF. 
For any morphism / : {Ai, Oi) — )■ {A2, 02), we have 

[Ef o cfW = f:{EFO eF){Ai, a^) = Ai ^ {Ef o eF){A2, as) = A2 

in IrripiF is the morphism Ff : FAi — )■ Fy42 in B, 5(^,,ai) = Oj, ^ = 1,2. 

From 02 o F/ = ai, 5 is a natural transformation. 

Using the properties of F, it is easy to check 5 is a morphism of 7?.-homomorphisms. 

By the universal property of the cokernel, there is an 7^-homomorphism 



Iml^F 



$ : CokereF 

Ah^ A, 
[N,aJ] ■.A,-^A2^ $(iV,a,/) : A, ^ A2 

where (A^, a, f) is the representation element of equivalence class of [A^, a, /], 
^{N, a, /) is the following composition of morphisms in B, 

FAi % F{N + A2) %FN + FA2 "^^^^'> + FA2 -^ FA2. 

<l> is well-defined, if (A^i, ai, /i), (A^2, ^2, /2) are equal, i.e. 3 n : A^i -t- N2, 
such that 

(n + IA2) 0/1 = /2, a2 Fn = ai. 

We get $(A''i, ai, /i) = $(A^2,a2,/2) from the following commutative dia- 
grams 




For any identity morphism [0, Fq) ^a ^] '■ A ^ A in CokereF, we have 
$(0, Fo, l^') = Ifa o (F + Ifa) o F+ o F{1^')) = Ifa- 
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For given morphisms Ai — '■ — '■ — > A^ — '■ — '■ — )■ A3 in Cokerep, from the 
basic properties of morphisms in Cokerep and F, we have 

H{N2, a2, h) o (iVi, ai, A)) = $(iV2, 02, A) o $(iVi, a,, A). 

Moreover, there are natural morphisms: 

(^^ = id: $(^1 + A2) = Ai + A2 = $Ai + $yl2, 

$0 = irf: $(0) = 0, 

$2 = ^t/ : '^('^ ■ A) = r ■ A = r ■ ^A. 

$ is an 7^-homomorphism. 

$ is an equivalent 7^-homomorphism. 

For every C G obj {TZ-2-Mod) , there is a functor 

^ : Hom{Im^iF,C) — )> Hom{Cokerep,C) 

a : Gi ^ 6*2 !-)■ a * $ 

where a * 1$ is the horizontal composition of 2- morphisms. 

If a,/3 : Gi ^ G2 : /m^z-F -)■ C, such that a* ^ = 13 * ^, i.e. V A G 
obj{CokereF), 

{a * $)(A) = G2((1$)a) o a<j.(A) = IG2A o ttA = ttA, 

(/3 * $)(A) = G2((U)a) o /3$(a) = Ig,a o /3a = /3a. 

Then a = j3. So \1' is a faithful functor, and $ is surjective. 

For any two objects Ai, A2 in Cokerep, and morphism g : FAi —)■ FA2 in 
Im\F. Set A^ = A1 + A2, where A2 is an inverse of yl2, together with natural 
isomorphism r}A2 : Ag + ^2 -> 0, denote by 77^^ = 77^2 ° Cyij^^* : A2 + A2 ^ Q, 
a is the composition 

F{Ai + yl^) ^ FAi + FA*2 !^}l^ FA2 + F{A*2) -^ F(A2 + A^) ^^ FO ^ 
and / is the composition 

A, ^ A,+0 ^^^ a, + {A;+A2) ^^"^"^^^'') (Ai+A*)+A2 = N+A2. 
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After calculations, we have ^{N, b, f) = g, then $ is full. 

For two morphisms [A''i, ai, /i], [A^2, 0-2, /2] : Ai ^ A2 in Cokerep, such that 
<l>(iVi,ai,/i) = $(iV2,a2,/2). 
Let n be the composition 

N,^N, + o^N, + {A + a;) <'^-^-^i>-\ (AT, + A,) + a; ^^^ a, + a- 
^^^^ (A^2 + A2) + a; ^i^^:^^^:^ iV2 + (A2 + a;) ^^ 

then [A''i, tti, /i], [A^25ft25/2] '■ Ai -^ A2 are equal in Cokerep, thus $ is 
faithful. 

$ : Cokerep — ;■ /ttiLF is an equivalent T^-homomorphism. 

D 

Proposition 8. For each TZ-homomorphism F : A ^ B in (TZ-2-Mod), Mp : 
IrripiF -^ B is the root of the copip of F. 

Proof. The copip of F, is the 7^-2-module CopipF, together with 2-niorphisni 
0" : ^ : i3 — 7> CopipF. As a category, CopipF has the unique object * and 
morphisms are objects of B, and <j{B) = B : ^ ^ ^. 

Step 1. Let us describe the root of cr : ^ : i3 — )■ CopipF. 

• The category Roota consists of the following data: 

• Objects are B G obj{B), such that as = B = in CopipF, i.e. there exist 
A e obj{A) and g : B ^ FA + 0. 

■ Morphisms are morphisms in B. 

■ Composition of morphisms and the unit object are just the composition of 
morphisms in B, and the unit object in B, respectively. 

From the 7^-2-module structure of B, we can give Roota a 7^-2-module struc- 
ture. 

• The 7^-2-module Roota is the root of a. 
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There is an T^-homomorphism 

R : Roota — > B 
B^ B, 
g : Bi ^ B2 ^ g : Bi ^ B2. 

Since Roota and B have the same 7^-2-module structure, then R is an 7^- 
homomorphism. 

Also, for any B G obj{Roota), {a * R){B) = a{B) = B = = lo{B), i.e. 
a * R = 1q. 

For V G obj {TZ-2-Mod) and an 7^-homomorphism G : T? ^ B, such that 
a * G = Iq, there exist an 7^-homomorphism 

G' -.V — > Roota 
D^G{D), 
d : Di ^ D2 ^ d : Di ^ D2 

and a 2-morphism a : G ^ R o G given by «£> = 1g(d) • G{D) — )> (i? o 

For any C G o6j(7^-2-Mod), there is a functor 

^ : Hom{C, Roota) — > Hom{C, B) 
H ^ RoH, 
T : Hi ^ H2^ R*T 

where R*r = lf>*Tis the horizontal composition of 2-morphisms. For 
all Hi, H2 : C ^ Roota, and /3 : R o Hi ^ R o H2, there exists a unique 
X '■ Hi ^ H2 given hj xc = f^c '■ HiG ^ H2G, so i? is fully faithful. 

Step 2. Roota and Irn^iF are equivalent in (7^-2-Mod). 
Recall 

Mp : ImliF -^ B 
{A,^,B)^B, 
g : {Ai,(pi, Bi) -^ {A2, ip2, B2) ^ g : Bi -^ B2. 
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We have (a * Mf)(a,v,b) = ae = B, \/ {A, cp, B) G obj{ImliF), so a * Mp = h, 
and under the definition of root, there is an 7?.-honiomorphism 

$ : ImliF — > Roota 
{A,ip,B)^B, 
g : {Ai, (fi, Bi) -^ (^2, ^2, B2) ^ g : Bi ^ B2. 

$ is well-defined, i.e. ^{A, ip, B) = B is an object of Roota, since there exist 
A G obj{A), and ip : B ^ FA + under the composition 

B^FA^FA + 0, 

i.e. ^=rp\o (^"1 = {ipo Vfa)'^- 

There is an 7^-homomorphism 

<l>"^ : Roota — > ImliF 
B^{A,ip,B), 
g : Bi ^ B2 ^ g : Bi ^ B2 

where {A, p, B) G ohj{Im'iiF), given by the following way: 

For B G obj{Roota), there exist A G obj{A) and g : B ^ FA + 0, so ^4 is the 

just A of A, and ip is the composition FA — ^ FA + > B. Since, $^^ 

restricting on the morphisms is identity, then $ is an 7^-homomorphism. 

For any B G obj{Roota), g G Mor{Roota), we have 



($o$-i)(^)=^. 

Also, for any (A, p, B) G obj{Irn^iF), and (7 G Mori^Irn^iF), we have 

($"^ o $)(A, (/?, S) = <^-^{B) = B, 
{^-'o<^)(g)=g. 

Then $ o $-1 = lR„„t,, $-1 o $ = 1^„2 „. D 

pi 

Proposition 9. Every 1-morphism F : A ^ B in (TZ-2-Mod) factors as the 
following composite, where Ep is full and surjective, Vtp is an equivalence, and 
Mp is faithful. 

A ^ Im'F ^ Im'F ^ B. 
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Proof. Step 1. The 7^-2-module Irn^F is described in the following way: 

• Category Iw}F consists of: 

• Objects are those of A. 

■ Morphisms are the equivalent classes of morphisms in A, for two morphisms 
/i, /2 : Ai — )■ A2 are equal in Im^F, if Ffi = F/2 in B, denote by [/i]. The 
composition and identities are those of A up to equivalence. 

• Irn^F is a symmetric 2-group. 

The unit object is just the unit object of A. 
There is a bifunctor 

+ : Irn^F X Irn^F — > Irn^F 

{Ai, A2) ^ Ai + A2, 

{A, i^ a;, A2 i^ X,) ^A, + A2 i^^ a; + a; 

where Ai + A2, [/i + /2] are given under the monoidal structure of A. If 
fi,fi : Ai -^ A2 are equal in Im^F, i.e. Ffi = Ff^. From the following 
commutative diagram 



F(A, + ^) ^'^^-^^'> F(4' + A^) 



FA,+FA, >FA, +FA, 

F]\+ F]\ ' ^ 



we have F{\h + /s]) = F{\f[ + /s]), then A + A, /{ + /s are equal in Irn^F. 
Moreover, there are natural isomorphisms: 

< Ai,A2, A^ >: Ai + A2 + A^^Ai + A2 + A^, 
Ia-Q + A^ A, 
ta: A + Q^ A, 

Ca,,A2 ■■ A1+A2 ^ A2 + A1, 

given by the natural isomorphisms in A. Since .4 is a symmetric monoidal 
category, so is Im^F. 
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Since any morphism [f]:A^A in Im F is in fact a morphism in A up to 
equivalence, and ^ is a groupoid, there exists f* : A -^ A in A, such that 
[/I ° [/] = [(/* ° /)] = 1 in Im'F. 

For any object A G obj{Im^F), A E A, there exist A* G obj{A), and 
r)A ■■ A* + A ^ 0, so there are A* G obj{Im^F), and 77^ : ^* + ^ -> 0. 

• Im}F is an 7^-2-module. 

The 7?.-2-module structure is induced from the 7^-2-module structure of A. 

Step 2. The 7^-2-module Im?F is given by following data: 

• The category IirP'F consists of: 

• Objects are the triple (A, if, B), where A G ohj{A), B G obj{B), tp : FA — )> 
BinB. 

■ Morphism from {Ai, Lpi,Bi) to {A2, (/?2) -B2) is the equivalent class of a pair 
(/, g), denote by [/, 5-], where f : Ai ^ A2, g : Bi -^ B2, such that g o ip^ = 
If 2 oFf, and for two morphisms {f,g),{f',g') : {Ai,f>i,Bi) -^ {A2,f2,B2) 
are equal ii g = g , or Ff = Ff . 

■ Composition of morphisms {Ai,fi,Bi) — '■ — > {A2,f)2,B2) — '■ — > is given 
by [/, g] = [/2, ^2] o [fi,gi], where / = /s o /i, g = g2 o g^, such that 

f3oF{f2ofi) = f3oF{f2)oF{fi) = g20f2oF{fi) = g2ogiOfi = {g2ogi)ofi. 

Also the above composition is well-defined, if {fi,gi), {fi,gi) are equal, then 
(/2, ^2) o ifugi), (/2, 5-2) o (/{, ^1) are equal, because of g2 o g^ = g2 o g[. 

• Im^F is a symmetric 2-group. 

The unit object is (0, Fq, 0), where the first is the unit object of A, the last 
is the unit object of B and Fq : FO — )■ 0. 

There is a bifunctor 

+ : Irri^F x Im^F — > Irn^F 
((Ai, v^i, 5i), (A2, v?2, ^2)) ^ (A, V'l, 5i) + (A2, v?2, ^2) = (A, V. B), 

(Ai, ^1, Si) iH (A2, (^2, 52), (a;, ^;, si) i^ (a;, ^;, 4) ^ [/ + /, ^ + / 

where (y? is the composition F{Ai + ^2) — )■ FAi + FA2 )■ -Bi + -B2, 

[/ + / ) 5' + S' ] makes the following diagram commutes: 
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Fi.f + / 



F{A^ + A^ ) J >F4 + FA^- ^B, + B, 



Similar as the above steps, the definition of addition of morphisms is well- 
defined. 

Moreover, there are natural isomorphisms: 

< (A, (/?i, Si), (A, ^2, ^2), (A3, ¥^3, S3) >^ (< A, A2, A3 >, < Si, S2, S3 >), 

'r{A,if,B) - {rA,rB), 

C{Ai,.fii,Bi),(A2,ip2,B2) = (Cyli,A2)CBi,_B2)- 

Using the usual methods, we can check the above natural isomorphisms are 
well-defined, and satisfy the conditions of symmetric 2-group. 

Im^F is an 7^-2-module. 
There is a bifunctor 

• : 7^ X Irn^F — > Irn^F 
(r, (A, ip, B))^r- (A (^, B)^{r- A, f^, r-B), 

(n 4 r2, (Ai, (^1, Si) ^ {A2, ^2, B2)^r- (Ai, (^1, Si) ^^ r ■ (A2, (^2, ^2) 

where f"^ : F(r ■ A) -^ r ■ FA — y r ■ S, from r- is a functor and F is an 
7^-homomorphism, we have the following commutative diagram: 




F(a ■ f) 



Fir 2- A) ,„..,>, r,-FA 
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Also, if (/, g),if ,g ) are equal, then cp ■ (f, g), cp ■ (f , g^ are equal too. 
Moreover, there are natural isomorphisms: 

ri ,r2 \ ri ,ri i r\ ,ri ) i 

0ri,r2,{A,(p,B) = {'^ri,r2,A} Or-^^r2,B) ^ 
Ha,>p,B) = ij'A.'i'B), 

By the usual methods, we can check the above natural isomorphisms are 
well-defined, and Fig. 18.-31. commute. 

Step3. Im^F, Iin^F are equivalent as 7^-2-modules. 
Define a functor 

VLf : Irn^F — > Im^F 

A^{A,1fa,FA), 
[f] :A,^A2^ [/, Ff] : {A,, 1fm,FA,) ^ {A^, 1fA2, i^^) 

the above definition is well-defined. In fact, ii f, f : Ai — ?> A2 are equal in 
Im^F, i.e. Ff = Ff , then we have {f,Ff), (/ ,Ff ) are equal in Irn^F, i.e. 
Qp{f), Qpif ) are equal. 

For any identity morphism 1a '■ A -^ A in Im^F, Qf{1a) = {1a,F{1a) = 
{1a, Ifa) '■ {A, IpA, FA) — )> {A, IpA, FA) is the identity morphism in Irri^F. 

For any morphisms Ai — > A2 — > A^ in Im^F, we have ^Fi[f2 ° /i]) = 

^([/2 O /l]) = [/2 O /i,F(/2 O /i)] = [/2 O /i,F/2 O F f^] = [f2,Ff2] O [/i,F/i] = 

^f([/2]) o ^f([/i])- Then Qp is a functor. 
There are natural isomorphisms: 

(n^)+ ^ (U+^„ F+) : npiAi + A2) = {A + A, 1f^a^+A2),F{A, + A^)) -^ ^^(Ai) + (^^(Aa) 
= {Ai, 1fa„FAi) + {A2, 1fa2, FA2) = {A + A, {Ifa, + IFA2) o i^+, i^^i + FA2), 

(fi^)o ^ (lo, Fo) : fi^(O) = (0, 1^0, i^O) ^ (0, Fq, 0), 

{nF)2 = {Ir-A, F2) : nF{r ■A) = {r-A, lFir-A),F{r ■A)^r- fi^(yl) = r ■ (A, 1^^, FA) 
= (r ■ A, r ■ l^A o F2, r ■ FA) = {{r ■ A, F2, r ■ FA). 
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After basic calculations, the above natural isomorphisms are well-defined, and 
((0^)+, (fii?)o, {^f)2) is an 7^-homomorphism, i.e. Fig.32-36. commute. 

Define a functor 

rip^ : Im^F — > Irn^F 

(Ai, (^1, 5i) iH (^2, <^2, B2) ^A^^A A2. 
If (/, g), if , g ) are equal in Im?F, i.e. Ff = Ff , then /, / are equal in Iim}F. 

From the definition of Vfp^ ^ we see that VL~p^ maps morphisms of Irin?F to the 
first part of them, so Vt'p^ is an 7^-homomorphism with (r2^^)_|. = id, (r2^^)o = 
id, (^i7'^)2 = ^'^• 

For any A G obj{Im^F), and any representative morphism / : Ai — )■ A2 in 
Im^f, we have 

(f]^i o fi^)(A) = fi^^(A, 1,.^, FA) = A, 

So Qp o i7i? = l/^iF- 

There is a morphism of 7?.-homomorphisms: 



r : fii? o Q 

T(A,ip,B) 



-1 



1 : Im^F — > Im^F, 



;U, v^) : {np o fi^i)(A, ip, B) = VtF{A) = (A, Ifa, FA) ^ (A, (^, S) 



For any morphism (/, (7) : (Ai, (/?i, i?i) — )■ (yl2, V32, -^2) in Im^F, with g o fi = 
ip2 ° -^/j (^F ° ^F^)(/) g) = ^f(/) = (/, Ff), we have the following commutative 
diagram: 



iA,l,.,FA,) '■''■"' > (A„l,.,FA,) 



('.,■*,) 



(4,cp,,S|) 



-> (-42,(p2'^2) 
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So r is a natural transformation. 

{^F o np^){{Ai, (^1, Si) + {A2, ip2, B2)) = {Ai + A2, 1f(Ai+A2), F{Ai + A2), 
{npon-/){A,,ip,,B,) + {nFonp'){A2,ip2,B2) = iA, + A2,F+,FA, + FA2), 
'r{Ai,ipi,Bi)+{A2,<fi2,B2) = (1ai+A2> (v^i + ^2) ° F+), 
r(A,,v,,B,) = (lA,,V^i), for 2 = 1,2. 

Thus Fig. 7 commutes. We can also get commutative diagrams Fig. 37. in the 
similar way. Then r is a morphisms of 7^-homomorphisms. 

Since T(a,^,b) = (Ia, V') and Irn?F is a groupiod, so r is an isomorphism. 

Step 4. There is a full and surjective 7^-homomorphism Ep. 

Define a functor 

Ep-.A — > Irn^F 

A^ A 
/ : Ai -^ A2 ^ [/] : Ai ^ A2 

Obviously, Ep is an 7^-homomorphism. 
Step 5. There is a faithful 7^-homomorphism Mp. 
Define a functor 

Mp : Irn^F — > B 
{A,ip,B)^B, 

(A, V9i, Si) iH {A2, ^2, B2) ^ Si 4 B2. 

Obviously, Mp is a faithful 7^-homomorphism. 

Step 6. F = MpoVtpo Ep. 

For any A G ohj{A) and any morphism / G Mor(^), we have 

{Mp oVLpo Ep){A) = {Mp o np){A) = Mp{A, IpA, FA) = FA, 

{Mp o np o Ep){f) = {Mp o np){f) = Mp{f, Ff) = Ff. 

U 
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Proposition 10. For each TZ-homomorphism F : A ^ B in (TZ-2-Mod), Mp : 
Im?F -^ B is the kernel of the cokernel of F. 

Proof. The cokernel of F is {CokerF, pp, np), where CokerF is a category whose 
object is the object of i3, morphism is (/, A) : Bi — )> B2, with A G ohj{A), f : 
Bi^ B2 + FA, pp{B) = B, {7rp)A = [(vr^)^, A], where {ttp)'^ : FA^ FA + 0^ 
FA + FO. 

• Let us describe the Kerpp in the following way: 

■ Objects are the triple {B,A,b), where B G obj{B), A G obj{A), h : B —f 
FA + Q. 

■ Morphism from (i3, A,h) to {B ,A ,h) is the equivalence class of a pair 
((/, /), denote by [g, /], where g : B ^ B , f : A ^ A , such that {Ff + Iq) o 
b = b o g, and for two morphisms {g, f),{g , f ) '■ (-B, A,b) ^ {B ,A ,b) are 
equal, ii g = g . 

■ Composition of morphisms. Given morphisms (-Bi, Ai, bi) — '■ — > {B2, A2, 62) 
^^^{B„A„b,),[{g2,f2)o{g,J^)]^[g2og,j2of,]. li{g,J^), {g[, f[) : 
{Bi,Ai,bi) -^ (Si,Ai,bi) are equal, i.e. gi = g[, then {g2j2)oigi, fi), (6-2, /2)o 
(g'lJ'i) are equal. 

There is a bifunctor 

+ : Kerpp x Kerpp — > Kerpp 
{{B,,A,,b,),{B2,A2,b2))^iB,,A^,b,) + {B2,A2,b2) = iB, + B2,A, + A2,b), 
iigi,fi),i92j2))^i9,f) = igi + g2,fi + f2) 

Using the similar methods in Theorem 2, Kerpp is an 7?.-2-module. 

• There is a 2-morphism e : pp o Mp =^ 0, given by e(A,ip,B) = [If A o 'f~^, A] : 
{Pp o Mp){A,Lp, B) = Pp{B) = _B — )■ 0. By the universal property of the 
kernel, there is an 7^-homomorphism 



: Irn^F — )■ Kerpp 
{A,if,B)^{B,A,b), 
[f,g] : iA,ip,B) ^ (A»') ^ [gj] : iB,A,b) ^ (B^X^b'] 
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—1 { \—l 

where b, b are the compositions B > FA — ^ FA + 0, B > 



T f 
FA 



FA > FA + 0, respectively, such that 

(F/ + lo)ofe= {Ff + lQ)orFAOV-i =rp^'oFfip^i = rp^>o{(p')-'^og = b' og. 

If if, g), if ^9') ■ iAv^B) -^ {A\ip\B') are equal, i.e. g = g\ then 
©(/) 5')) ©(/ :9 ) s-re equal in Kerpp- 

• There is an T^-homomorphism 

0~^ : KerpF — > Irri^F 
iB,A,b)^{A,B,ip), 
[gj] : iB,A,b) ^ iB\X,b') ^ [f,g] : iA,B,ip) ^ (A',S>') 

where ip = b^^ o rp\ : FA — )■ FA + — ?> S, and (/, g) satisfy 

go^ = gob-'orp\ = {b')-'o{Ff + lo)orp\={b')-'or-/^,oFf = ^'oFf. 

Similarly, if igj), ig'j') are equal in Im^F, then Q-\gJ), Q'^ig'j') 
are equal in Kerpp, too. Moreover, 0"^ is an 7^-homomorphism. 

For any {A,ip,B) G obJilm^F), if,g) G Mor{Im'^F), we have 

iQ-'oQ){A,^,B) = Q-\B,A,rp\oip-^) = {A,{rp\oip-Y'orp\,B) = iA,if,B), 

{e-'o&){f,g) = e-\gJ) = {f,g). 
For any {B, A, b) G obj{Kerpp), {g, f) G Mor{Kerpp), we have 

iQoQ-'){B,A,b) = QiA,B,b-'orp\) = (B, A,rp\o{b-'orp\)) = (S, A&), 

{eoe~'){gJ) = e{f,g) = {gJ). 
Thus : IirP'F — > Kerpp is an equivalent. 

D 

Proposition 11. For each TZ-homomorphism F : A ^ B in (TZ-2-Mod), Ep : 
A — )■ Im^F is the coroot of the pip of F. 

Proof. The pip of F is an 7^-2-module PipF, together with 2-morphism iip : ^ 
: PipF — )■ A, whose component at a is a itself, where a : — )■ is an object of 
PipF. 
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Let us describe Corootup in the following way: 
• Objects are the objects of A. 

■ Morphisms are the morphisms of A up to equivalent relations, for two 
morphisms /, / : Ai ^ A2 which are equal in Corootnp, if there exists 
a : — 7- in ^, such that Fa = l^o and 

f°rA, =rA2 o(/' + a). 

■ Composition of morphisms and identity morphisms are the composition 
and identity in A up to equivalence, and also well-defined. In fact, given 
morphism /2 : ^2 — ^ ^3 and equal morphisms fi, fi : Ai ^ A^ in CorootTTp, 
for equivalence of /i, fi, there exists a : — )■ 0, such that Fa = li?o, /i = 
f^Ai ° (/i + a) o r^^- Then there exists a : — )> 0, such that 

f2°fi°rA, = f2°rA2o{f'i + a) = r^3 ° (/2 + lo) o (/i + a) = r^a o (/2o/{ + a). 

Then f2 ° fi, /2 o /i are equal in Corootnp. 

Corootup is an 7^-2-module from the 7^-2-module structure of A up to equiv- 
alence. 

There is an 7^-homomorphism 

R : A — )■ CorootiiF 

Ah^ A, 
f:A,^A2^f:Ai^A2 

such that for any a : — )■ in PipF, {R * TiF)a = R{a) = a = (lo)a, i-e. 

R* TTp = Iq. 

For /C G obj {TZ-2-Mod) , and an 7^-homomorphism G : A ^ IC, such that 
G * TTp = Iq, there exist an 7^-homomorphism 

G : GorootiTF — > /C 

A^GA, 
f:Ai^A2^ G{f) : G{Ai) ^ G{A2) 

and a 2-morphism 

a : G' o i? ^ G 

A^aA = idcA ■■ {G o R){A) = G' (A) = GA ^ GA. 
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From the given G, we know that G is an T^-homomorphism, a is a 2- 
morphism. 

For every C G o6j(7^-2-Mod), there is an T^-homomorphism 

— oR ; Hom{Coroot7TF,C) — > Hom{A,C) 

H ^ HoR, 
T : Hi ^ H2 ^ T * R = T * 1r : Hi o R ^ H2 o R 

such that for any objects Hi, H2 in Hom{Coroot7TF,C), and a 2-niorphisni 
P : Hi o R ^ H2 o R, there is a 2-niorphisni t : Hi ^ H2 given by t^ = 
/3a ■ HiA -)■ H2A. Also, if Ti, T2 : Hi ^ H2 : Corootixp -^ C, such that 
Ti * R = T2 * R : Hi o R ^ H2 o R, then, for any A G o6j(^), {ti)a = 
(ti * /?)^ = {t2 * R)a = ('''2)^5 i-e. Ti = r2. So i? is full and surjective, and 
then {CorootTiF, R) is the coroot of irp- 

• There is an equivalence between CorootTCp and Irri^F. 

From the definition of Ep : A — > Im^F, we have Ep * np = Iq, from the 
universal property of coroot of Tip, there is an 7^-homomorphism 

: CorootTCp — > Im^F 
A^A 
f:Ai^A2^f:Ai^A2. 

Also there is an 7^-homomorphism 

6"^ : Im^F — y Coroot-Kp 
A^ A, 
f -Ai^ A2^ f -.Ai-^ A2. 

In [19], the author proved that G and Q~^ are well-defined homomorphism 
of sjTiimetric 2-groups. Since CorootTCf, Irri^F have the same 7^- 2- module 
structure and Bo0~^ = 1, 0~^o0 = 1, then CorootiTf, Irn^F are equivalent 
7?.-2-modules. 

D 

In the sense of 2-abelian Gpd-category, and from Propositions 6-11, we have 
Theorem 4. The Gpd-category (TZ-2-Mod) is a 2-abelian Gpd-category. 
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